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This th e s is  describes a novel e le c tr ic a l machine. The purpose of th e machine is  to  provide torque to  th e d rivin g wheels of an e le c tr ic  vehicle. I t  th u s contains two ro to rs  mounted on sep arate  but coaxial s h a fts  and which can r o ta te  a t  d iffe re n t speeds. Both th e s t a t o r  and the two ro to rs  are of the d isc  configuration , the s t a t o r  being sandwiched between th e two ro to rs . The machine is  excited by a th ree  phase s ta to r  winding and th e ro to rs  are sq u irre l cage r o to rs . The cores are designed so th a t  the two ro to rs  do not a c t independantlv but in te r a c t  in such a way as to  give optimum torque d istr ib u tio n  between the two ro to rs .
The a n a ly sis  is  carried  out in th ree  ste p s. F ir s t , a sin gle  phase transform er analogue is  analysed. Second, a sin gle  ro to r a x ia l flu x  (i.e. d isc  configuration) induction motor is  analysed in d e ta il. F inally  th e  twin ro to r machine is  analysed. Experimental r e s u lts  are presented fo r th e transform er analogue and th e  twin ro to r machine.
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1. Chapter 1 -  Introduction
1.1 The Electric Vehicle Problem
The o rig in al impetus fo r th is  th e sis  arose from the problems confronting e le c tr ic  vehicle technology. Among the d iffe re n t drive con figu ration s, which have been evolved for these vehicles, some use both a gearbox and a d iffe r e n tia l, and some use only a d iffe r e n tia l. Both of th ese devices give r is e  to  power losses, but they are eliminated from th e "motorised wheel" configuration, where each driving wheel is  connected d ire c tly  to  th e motor, so th a t  there is  one motor fo r each d riving wheel. The power may be transm itted  by a simple b e lt drive. References 1 to  8 provide an overview of recent work done in th e area.
The d iffe r e n tia l on a conventional vehicle ensures th a t  the torques delivered to  both wheels will be equal, except fo r d ifferences due to  fr ic t io n , whether th e vehicle is  moving or sta tio n a ry , and whether i t  is  moving in a s tr a ig h t  line or following a curved path. This promotes minimum ty r e  wear and vehicle s t a b ilit y . If th e  d iffe r e n tia l is  eliminated, th is  action may be reproduced i f  each d rive motor is  powered by i t s  own. controlled supply. However, because of the continuing high p rice  of s t a t ic  converter components, the power e lectro n ics may be the most expensive item in the whole system.
This expense can be reduced i f  the drive motors are driven from th e  same power supply. Then th e two wheels would receive
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equal torques when th e vehicle is  tr a v e llin g  in a s tr a ig h t  line, but torques which may d iffe r  widely when i t  goes in to  a curve. In other words, th e system no longer operates as i f  i t  had a d iffe r e n tia l, and we w ill consider th e c h a r a c te r is t ic s  of th e system when th e  motors are connected both in p a ra lle l and se rie s . Only sq u irre l cage induction motors will be considered.
1.2 Induction Motors in Parallel
In th e  p a ra lle l connection we may be sure th a t  each motor receives th e same v o ltage  and hence we may have both motors fu lly  fluxed a t  a ll  times. The torque generated by each motor will depend only on i t s  s lip .
Torque can be p lo tted  fo r each motor as a function of the d iffere n ce between th a t  motor's s lip  and th e mean s lip  of the two motors (see Fig. 1.1), If th e two motors are running a t  s lip s  Sa and Sjj, then th e mean s lip  is  S
■ s = i(Sa + Sb)Define AS fo r  th e 'a' side motor as
AS = Sa -  S
= |(S a - S b )
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When both wheels a re  ru n n in g  a t  th e  same s l ip . S0 . th en  AS = 0 and b oth  m otors g e n e r a te  th e  to rq u e . T0. on th e  c e n tr e  lin e  of th e  g ra p h  in F ig . 1.1,
I f  th e  v e h ic le  moves in to  a cu rv e  and th e  mean s lip  is  m aintained a t  S0 . th e n  th e  s l ip  of motor 'A' is  reduced by some amount and th e  s l ip  of motor 'B' is  in cre a se d  by th e  same amount. I t  is  a ls o  presum ed, fo r  th e  moment, t h a t  su p p ly  v o lta g e  and freq u en cy  a re  n ot v a r ie d . To fin d  th e  to rq u e  on th e  two m otors, we must move alon g th e  cu rv e  from th e  c e n tr e  lin e  in both d ir e c t io n s . The motor which is  ru n n in g  a t  th e  h ig h e s t  speed (low est s lip ) , g e n e r a te s  a to rq u e  which is  in d ic a te d  on th e  r ig h t  hand s id e  of th e  g rap h  and th e  motor which is  ru n n in g  a t  th e  low est speed (h ig h e st s lip )  g e n e r a te s  a to r q u e  in d ic a te d  on th e  l e f t  hand s id e  of th e  g ra p h . If  th e  mean s l ip  is  S0. one must move eq u al d is ta n c e s  e it h e r  s id e  of th e  c e n tr e  lin e , a lon g th e  AS a id s , t o  fin d  th e  two to r q u e s  being g e n e ra te d . When we have moved d is ta n c e s  ±S0 alon g th e  AS a x is , th en  one motor
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h a s  zero  s l ip  and must g e n e r a te  zero  to r q u e . The o th e r  h a s a s l ip  eq u a l t o  2S0 and may g e n e r a te  c o n s id e r a b le  to rq u e .
B e cau se  th e  two m otors don't in t e r a c t  in th e  p a r a l le l  co n n e ctio n , th e  to r q u e  cu rv e  is  ju s t  th e  fa m ilia r  t o r q u e - s l ip  cu rv e  of an in d u c tio n  m otor moved alon g th e  AS a x is  so  t h a t  zero  to r q u e  o ccu rs  a t  AS = - S 0. In a cco rd a n ce  w ith th e  u s u a l p r a c t ic e , th e  to r q u e  cu rv e  is  drawn w ith h igh  motor speed on th e  r ig h t  hand s id e  of th e  g ra p h . Thus h igh  s l ip s  a r e  on th e  l e f t  hand s id e  of th e  g rap h  and AS goes n e g a t iv e  on th e  r i g h t  hand s id e  and p o s it iv e  on th e  l e f t  hand s id e ,
When th e  mean s l ip  is  in c re a s e d  t o  S j . th e n  th e  to rq u e  cu rv e  is  moved t o  th e  r ig h t  so  t h a t  i t  c r o s s e s  th e  AS a x is  a t  AS = - S j .  In t h i s  manner a fam ily  of c u rv e s  is  g e n e ra te d  a s  in F ig . 1.2.
B e cau se  of c u r r e n t  l im ita t io n s , th e  m achines w ill only be o p e ra te d  in t h e  l in e a r  re g io n  under norm al c irc u m s ta n c e s , so t h a t  th e  u s e fu l a r e a  of o p e r a tio n s  w ill be l ik e  t h a t  shown in F ig . 1.3.
Fig. 1.3 Useful Operating Area fo r  P a r a lle l Machines
As th e  to rq u e  cu rv e s  fo r  a p e r fe c t  d i f f e r e n t ia l  com prise a fam ily of s t r a i g h t  lin e s , p a r a l le l  w ith th e  AS a x is  th e  p a r a l le l  connection  would ap p roxim ate a d i f f e r e n t ia l  only over a sm all ra n g e  of AS. t h a t  is  in a narrow  s e c tio n  of th e  g rap h  in F ig , 1,3. around th e  to rq u e  a x is .
1.3 Induction Motors in Series
In th e  s e r ie s  co n n ectio n , i t  can no lon g er be g u a ra n te e d  what th e  te rm in a l v o lta g e  of each motor w ill be. Each in d iv id u a l motor must be d esig n ed  t o  be f u l ly  flu x e d  a t  v ir t u a l ly  th e  f u l l  su p p ly  v o lta g e , or e ls e  a t  some lower v o lta g e , b u t in any ca se , a t  more th a n  h a lf  th e  su p p ly  v o lta g e . Then, i f  one motor were o p e ra tin g  a t  a v e ry  h igh  s l ip , w hile th e  o th e r  was a t  syn ch ron ou s speed, th e  second motor would have a te rm in a l v o lta g e  alm ost eq ual t o  th e
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su p p ly  v o lt a g e  i f  s a t u r a t io n  in i t s  iro n  did  n o t p re v e n t i t .  The o th e r  m otor would th e n  h ave a v e ry  low te r m in a l v o lt a g e  and would t h u s  g e n e r a te  q u ite  low to rq u e , d e s p it e  i t s  la r g e  s l ip .
I f  th e  m otors a r e  u n a b le  t o  m ain tain  th e  su p p ly  v o lt a g e  a t  t h e ir  te r m in a ls , th e y  may go in to  heavy s a t u r a t io n  and high  m a g n e tisin g  c u r r e n t s  w ill flow , r e s u lt in g  in h eavy lo s s e s  in th e  s t a t o r  w indings, and b r in g in g  th e  m otors n e a r e r  t o  t h e ir  c u r r e n t  l im its  th a n  one would o th e rw ise  a n t ic ip a t e . On th e  o th e r  hand, i f  th e y  a r e  d esig n e d  t o  be f u l ly  flu x e d  a t  a te rm in a l v o lt a g e  eq u al t o  th e  su p p ly  v o lta g e , th e y  w ill be u n d e r - u t i l is e d . They w ill spend th e  g r e a t e r  p a r t  of t h e ir  d u ty  c y c le  a t  ab o u t h a lf  th e  su p p ly  v o lt a g e  and so w ill be r a t h e r  b u lk ie r  and h e a v ie r  th a n  a m otor g iv in g  th e  same to rq u e , d e sig n e d  fo r  a low er su p p ly  v o lt a g e .
I f  s a t u r a t io n  is  ig n o re d , th e  c i r c u i t  of F ig . 1.4 can be used t o  c a lc u la t e  th e  to r q u e  g e n e r a te d  by each m otor. In Fig . 1.5, th e  to r q u e  and s l ip  q u a n t i t ie s  have th e  same m eanings a s  in S e c tio n  1.2. and th e  cu rv e  i l l u s t r a t e d  is  t y p ic a l  fo r  a high mean s lip . A gain  th e r e
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Fig. 1.5 Torque Curve fo r Series Connected Motors
is  a f a i r l y  wide f lu c t u a t io n  of to rq u e  over th e  ra n g e  i l l u s t r a t e d , b u t in t h i s  ca s e  th e  s lo p e  of th e  cu rve is  p o s it iv e  on th e  to rq u e  a x is , w hereas i t  was n e g a tiv e  fo r  th e  p a r a l le l  con n ectio n . When AS = ±ASj. in F ig . 1.5. th e  wheel ru n n in g a t  th e  lower s lip  is  r e c e iv in g  th e  g r e a t e r  to rq u e . As t h i s  is  th e  o u ts id e  wheel in a cu rve , t h is  would ten d  t o  s t e e r  th e  v e h ic le  more t i g h t l y  in to  th e  curve , r e s u lt in g  in a kind of o v e r s te e r .
As th e  mean s l ip , S, is  red u ced , th e  shap e of th e  c h a r a c t e r is t ic  ch an ges and th e  fam ily  of to rq u e  cu rv e s  fo r  s e r ie s  connected in d u ctio n  m achines is  sk e tch e d  in F ig . 1.6. The to rq u e  cu rv e s  which o ffe r  th e  b e s t  ap p roxim ation  to  a d i f f e r e n t ia l  over th e  w id est ra n g e  of ±AS. a r e  th o s e  a t  medium t o  h igh  s l ip s , both p o s it iv e  and n e g a tiv e . For th o s e  c u rv e s  whose mean s l ip s  a r e  c lo s e  t o  zero, both p o s it iv e  and n e g a tiv e , th e  to r q u e s  move w ell away from t h e ir  mean v a lu e  a t  only r e l a t i v e l y  sm all v a lu e s  of ±AS.
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Fig. 1.6 Torque Curves fo r  Series Connected Motors
1.4 Between Series and P a r a lle l
From th e  to r q u e  c u rv e s  fo r  th e  two c o n n e ctio n s , i t  is  a p p a r e n t t h a t  a to r q u e  cu rv e  which l ie s  somewhere between them would s u i t  our p u rp o se b e t t e r  th a n  e it h e r , p a r t ic u la r ly  a t  high mean s l ip s . There a r e  two ways of a c h ie v in g  t h i s ,  and b oth  depend upon s a t u r a t io n  in th e  iro n .
The to r q u e  g e n e r a te d  by each motor is  a fu n c tio n  of th e  f lu x  l in k in g  th e  m otor, and th e  s l ip  a t  which th e  m otor is  ru n n in g . The s l ip s  a r e  g iv e n  by th e  c o n d itio n s  h o ld in g  in th e  v e h ic le , b u t th e  f lu x  lin k a g e s  can be lim ite d  by d e s ig n in g  th e  iro n  t o  s a t u r a t e  a t  a c e r t a in  le v e l. I f  th e  s e r ie s  con nected  m otors of th e  p re v io u s  s e c t io n  were d e sig n e d  t o  go in to  s a t u r a t io n , th e n  t h e ir  te rm in a l
-1 0 -
vo lta ge s could not swing over as wide a range and the v a ria tio n  in th e torque curve of Fig. 1.5 would also  be reduced.
However, th is  incurs th e penalty of very high magnetising cu rre n ts , as mentioned above. I t  will receive more a tte n tio n  in Chapter 8, but will be rejected  in favour of the sin gle  composite motor which is  th e su b ject of th is  th e s is .
1.5 The Composite Hotor
The composite motor rep laces the two machines considered so fa r . I t  co n sists  of one s t a to r  and two ro to rs , each in the shape ofa d isc, as shown in Fig. 1.7, The s ta to r  ca rrie s  a winding on eachface  and th e two ro to rs  are on two sep arate  s h a fts , free  to  r o ta te  a t  th e  speed d icta te d  by th e vehicle. The s ta to r  ca rrie s  a winding on each face and th e two ro to rs  are  on two sep arate  s h a fts , freeto  r o ta te  a t  th e speed d icta te d  by the vehicle.
-11-
Fig. 1.7 The Composite Motor-Main Components
The r e s t  of t h i s  t h e s is  is  devoted  t o  a n a ly s in g  t h is  machine and d eve lo p in g  th e  te c h n iq u e s  re q u ire d  fo r  t h is  a n a ly s is . However, one may p o in t o u t. ro u g h ly , how t h i s  machine is  a com posite of th e  s e r ie s  and p a r a l le l  co n n e ctio n s of th e  two m achines con sid ered  so f a r .
F i r s t l y ,  th e n , co n sid e r  th e  machine w ith no s t a t o r  back iro n , th e  s t a t o r  c o n s is t in g  of s t e e l  te e t h  and n o n -fe r r o u s  m a te r ia l s u p p o rtin g  them and th e  w indings. In t h i s  ca se , a l l  th e  f lu x  e n te r in g  th e  te e t h  from one r o t o r , must p a s s  s t r a i g h t  th ro u g h  th e  t e e t h  to  th e  o th e r  r o t o r , e x ce p t fo r  a sm all amount of s lo t  le a k a g e . Both r o t o r s  must th e r e fo r e  have n e a r ly  th e  same f lu x  lin k a g e s , and t h i s  co rresp o n d s to  th e  p a r a l le l  co n n ectio n .
Secon d ly , co n sid e r  th e  machine w ith a lo t  of s t a t o r  back iro n  between th e  te e t h  and each s id e  of th e  s t a t o r :  so  much t h a t  i t  n ev er s a t u r a t e s . In t h is  ca se , a l l  th e  f lu x , lin k in g  one r o to r , would p a s s  down th e  s t a t o r  t e e t h  on t h a t  s id e  and th en  around th e  s t a t o r  back iro n , which would be a low r e lu c ta n c e  p a th . None of t h is  f lu x
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would cross to  th e other ro to r, nor would i t  link th e  winding facing th e other ro to r. Thus th e flu x  linkages of th e  two ro to rs  would be independent, and i f  th e two s ta to r  windings are connected in se ries , th is  corresponds to  th e two machines connected in se rie s .
Between th ese two extremes, we may have a s ta to r  with some back iron, but not enough to  carry a ll  the flu x from both ro to rs . So, by using s ta to r s  with d iffe re n t th ickn ess of back iron, we may design machines whose torque curves may be expected to  lie  between those fo r  se rie s  machines and p a ra lle l machines. This one dimension, th e th ick n ess of s ta to r  back iron, will be the most important design decision.
1.6 Plan of the Thesis
Chapter 2.: The performance of e le c tr ic a l s te e l in sa tu ra tio n  is  ce n tra l to  th e operation of the motor, and th is  chapter is  devoted to  magnetic sa tu ra tio n .
Chapter 3; J u s t  as transform ers are analogous to  conventional induction motors, so a transform er analogue e x is ts  for the composite machine. This chapter develops the theory to  describe i t .
Chapter 4; A rep ort on such a sin gle  phase analogue, b u ilt and te ste d  in the lab oratory .
Chapter 5.: The motor is  of a d isc  type configuration, often called an "a x ia l fie ld " , "a x ia l flu x " or "a x ia l airgap " machine. Techniques are developed to  account fo r th e  e ffe c ts  of th e unusual geometry
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of th ese  machines and an an aly sis  is  developed for a machine with a sin gle  ro to r.
Chapter 6: The theory and equations, necessary to  p red ict the performance of th e composite machine, are fu lly  developed.
Chapter 7: The r e s u lts  are presented of laboratory t e s t s  carried out on a composite machine, b u ilt in the workshop. These r e s u lts  are compared with those predicted by the model presented in Chapter 6.
Chapter 8: A design exercise is  carried out on the mathematical model by varying the s ta to r  back iron.
1.7 Summary
The e le c tr ic  vehicle problem was introduced, in p a rtic u la r  the "motorised wheel" concept, which elim inates both the gearbox and the d iffe r e n tia l.
The drive system, and in p a rtic u la r  the power electro n ics , is  expensive. So savings may be expected i f  the motors can be powered by th e  same electro n ics . Also, a.c. induction motors are preferred to  d.c. motors. This leads to  the consideration of induction motors connected in p a ra lle l and then in se rie s . The torque curves obtained by th ese  connections are compared with the torque d istrib u tio n  of a p e rfe ct d iffe r e n tia l, and with each other. It  is  suggested th a t  the b est solution would have c h a r a c te r is tic s  lying somewhere betweenthose of th e  two connections.
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The composite machine, an e n tire ly  new machine, is  introduced. In very broad terms, i t  is  explained why th is  machine should have c h a r a c te r is t ic s  which lie  between those fo r se rie s  and p a ra lle l connected induction machines.
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2. Chapter 2 -  Magnetic Saturation
2.1 Introduction
Jo u rn als  of physics contain much lite r a tu r e  on magnetism and domain theory (micro-models). Some useful references are9 -ll. In th is  chapter, we will examine some of the macro-models which describe the behaviour of e le c tr ic  s te e ls , and in p a rtic u la r , th e ir  B-H loop. Host of the models present a single-valued B-H curve ra th e r than the m ulti-valued loop, so th a t , a t  f i r s t ,  the discussion is  r e s tr ic te d  to  sa tu ra tio n  alone. However, i t  will be found th a t  iron losses are read ily  included in some of the models and th ese are tre a te d  in Section 2.7.
2.2 Saturation Macro-Models




Fig. 2.1 Two-Valued B-H Curve
An obvious developm ent of t h i s  ap proach is  a p ie ce -w ise  l in e a r is a ­t io n  of th e  cu rve , and t h i s  h as been used as  a sim ple way of a cco u n tin g  fo r  s a t u r a t io n  in g e n e r a to r s  on la r g e  netw orksl4 . The cu rv e  has been d iv id e d  in to  th r e e  s e c tio n s  (Fig, 2,2). b u t t h i s  may be a poor model i f  s a t u r a t io n  is  extrem e.
Fig 2.2 B-H Curve in Three Sections
For a c c u r a t e  r e s u l t s  in more d e ta ile d  s tu d ie s , th e  cu rv e  rnav be d iv id e d  in to , s a y , 50 or 100 s e c t io n s . This method becomes more a t t r a c t i v e  a s  th e  power of com puters in c r e a s e s .
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The other main approach has been to  develop a n a ly tic a l functions which describe th e curve, a t  le a s t in the area of in te re s t . The sim plest function is  in th e polynomial form. This was used by Bowden^, whose very simple equation was
B = aHb
where b was a small fra ctio n  of u nity . The inverse of th is  may be a proper polynomial.
H = I K nBn n = 1.3.5.,..
The use of only th e odd powers ensures th a t the function is  skew- symmetric. Bowden used only one term in the series. Many modern e le c tr ic a l s te e ls  have a very sharp knee in the B-H curve, which may be q u ite  accu rately  modelled by the lin ear term plus one other, about th e 11th or 13th power. At high flux levels, the lin ear term is  comparatively unimportant, and so one term su ffice s , ju s tify in g  Bowden's equation.
Another model, based on polynomials, is  th a t  introduced by Widgerl6. His equation is
ag + a-jH + a2H2 +... + a^H 1"1 B — ------------------------------------l + b 1H + b 2H2 + ...+  bnHnHe claims th a t  i t  is  often s u ffic ie n t to  take n=l, th a t  sometimes one may req uire n=2. but ra re ly  n=3. In normal circum stances, presumably, ag must be se t to  zero.
Several models are based on the exponential function. MacFadyen e t a l favour a se rie s  of negative exponentials of H'17.18, They also
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include a lin ear, free  space, term so th e ir  equation is
B = jUqH +Ka{l -  exp(-K2H)> +K3{1 -  exp(-K4H)} + ...
They rep ort th a t  th ree  exponentials give very accu rate  curve f i t t in g .
The most involved model is  Briansky's^, He s e ts  up a polynomial in B, p(B). and then sums several in te g ra ls  of the type (exp(-^^)dB  to  ca lcu la te  H. A lin ear term is  also added.
We may also  mention the equation used by Krishnamoorthy2Q. using th e inverse tan gen t. His equation is
B = b^H +b2tan_ Ĉb3H)
Unlike th e  exponential based models, th is  is  skew symmetric, a considerable advantage if  one is  to  get a n a ly tica l solutions, but of no importance in numerical solutions.
Before deciding on any of th ese models, i t  is  necessary to  consider the sa tu ra tin g  core linked to  an e le c tr ic  c irc u it .
2.3 Magnetic Cores and A.C. Circu its
A magnetic core is  linked to  an e le c tr ic  c irc u it  by a coil of N tu rn s . The path of th e magnetic flu x  will be of length 1 metres and th e cross section s will be uniform and of area A m2. Any e le c tr ic  c ir c u it  with a two-terminal output can be connected to  th e coil, and th is  c ir c u it  can be represented as a Thevenin equivalent c ir c u it . I t  is  assumed th a t  th ere  are no other non-linear elements in the c ir c u it .
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Fig. 2.3 Thevenin C irc u it  Connected to  Sa tu ra tin g  Choke
Only s te a d y  s t a t e  c o n d itio n s  w ill be considered here, so th e  Thevenin v o lta g e , V-p w ill be p e r io d ic . In th e  s im p lest ca se . V-p is  s in u s o id a l and Z-p is  a pu re r e s is t a n c e .
Even in t h is  ca se , an in f in i t e  number of harm onics is  g e n e ra te d . This is  e a s ily  d em o n strated  by assum ing th e  o p p o site , t h a t  only a f i n i t e  number of harm onics e x is t . L et X be th e  o rd er of th e  h ig h e s t  harm onic. Then th e r e  w ill be a f lu x  component of o rd er X. In th e  p re v io u s  s e c tio n , i t  was p o in ted  out t h a t  H can be re p re se n te d  a s  a polynom irial of B. B in clu d e s  term s B^}{ cos Xut and B^ y S i n X wt .  and when th e s e  term s a re  r a is e d  t o  h ig h e r  powers, a s  re q u ire d  by th e  polynom ial, h ig h e r  o rd e rs  th a n  X occu r in H. and th e r e fo r e  in th e  c u r r e n t , I. I f  ZT is  zero , v o lta g e s  a re  n ot g e n e ra te d  a t  th e s e  h ig h e r  fr e q u e n c ie s . B ut t h i s  is  a t r i v i a l  ca se , and o th erw ise  h ig h e r  harm onics must be g e n e ra te d . This in v a lid a t e s  th e  o r ig in a l assu m p tion  t h a t  X was th e  h ig h e s t  harm onic p r e s e n t . So th e r e  a r e  an i n f in i t e  number of harm onics. M oreover, b ecau se of th e  skew -sym m etry of th e  B-H cu rv e , only th e  odd harm onics a r e  p r e s e n t .
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I f  we allow in v e rte r  d rives as possible sources of supply, then th e Thevenin vo ltage  may also  contain harmonics. I t  will be assumed th a t  i t  contains only odd harmonics.
2.4 Harmonic Circu its and Phasors
Since a ll  th e e le c tr ic  and magnetic q u a n titie s  contain a se rie s  of harmonics, th e re la tio n sh ip s between them may be w ritten as a s e t  of phasor equations. This corresponds to  a Fourier an alysis  of each periodic wave, followed by a separation of the frequencies. If v is  th e order of any p a rtic u la r  harmonic, and a su b scrip t v in d icates a phasor of th a t  harmonic, then the equations for the c ir u it  may be w ritten  down
Vtv, -  Z,j,y ly +Vcv (2,1)
Vcv = ivuNABy (2,2)
0Hy = Nil! (2.3)The Thevenin impedance. ZTv, is  q u ite  a rb itr a r y . I t  may be ana n a ly tic a l function of vu which would be the case for a c ir c u it  of lumped elements, or i t  may change in a haphazard way fo r a d is tr ib u te d  system lik e  a motor.
The re a l and imaginary p a r ts  of a phasor. P. will be denoted by su b sc rip ts  x and y, so th a t
P = Px + jPy
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Then th e  tim e-varying q u an tity  represented by th e se t of phasors, Pv. will be
P(t) = ][Pxy cos vut  -  Pyy sin vut v -  1 .3 .5 .,,, (2.4)
The two tim e-varying functions, B(t) and H(t). as computed in an equation such as (2,4). must follow the sin gle  valued B-H curve as t  v a rie s . This condition, along with equations (2.1) to  (2.3) are the necessary and s u ffic ie n t conditions to  solve the c ir c u it , neglecting iron lo sses a t  th is  sta ge .
A n a ly tica l solutions are d iff ic u lt . Host publications with a solution to  th e steady s t a t e  problem give only an approximation for the fundamental and neglect the other harmonics21.22, Kavanagh23 derives a ll  the harmonics, but only fo r the simple case where the supply is  sinusoidal and ZTl, is  zero fo r a ll  y.
In view of th e ce n tra l importance of th e sa tu ra tio n  phenomenon in th is  p ro ject, i t  was decided th a t  a more accu rate  solution should be sought and Appendix A gives d e ta ils  of the numerical methods used.
2.5 Impedance of the Choke
The choke may be represented in each harmonic c ir c u it  as an equivalent impedance Zcy, The value of ZCy is  not an in tr in s ic  property of th e choke, but depends on VTl, and Z^, and also on a l l  th e other harmonic c ir c u its . For example, i f  th is  supply is  sinusoid al, and Z fy is  r e s is t iv e . Iy 0̂ for a ll  y.
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F ig . 2.4 The Harmonic C irc u it
In t h i s  c a se . Zcy is  a power so u rce  fo r  a l l  v t i  and a power s in k  fo r  v = 1. Zc l has a p o s it iv e  r e a l  p a r t , even though th e r e  a r e  no iro n  lo s s e s  in th e  model. Of co u rse , th e  sum of th e  r e a l  power, in to  a l l  th e  2CV' must be zero. The im aginary p a r t  of th e  le v  rnay be p o s it iv e  or n e g a tiv e .
U s u a lly  Zc  ̂ w ill be in d u c tiv e , b u t even t h i s  need n ot be th e  ca se  a s  a r e p o r t  by Slemori and Shimkevichius24 shows. They connected a choke to  a power su p p ly  which provided s in u s o id a l, t r ia n g u la r  or s q u a re  wave e x c it a t io n  and p lo tt e d  th e  p h ase d iffe r e n c e  between VT1 and T1 a g a in s t  fu n d am ental f lu x  d e n s ity . This ph ase d iffe r e n c ewas found to  drop from ab o u t 80° t o  le s s  th a n  10° a s  B1 in cre a se doo ver 2 Wb/rrT. In th e  ca s e  of th e  s q u a re  wave e x c ita t io n , th e  p h ase d if fe r e n c e  became n e g a t iv e  under c e r t a in  co n d itio n s .
When t h i s  experim ent was sim u lated  on th e  m ath em atical model, th e  r e s u l t s  were com parable e x ce p t t h a t  th e  p h ase fo r  th e  s q u a re  wave would n o t go n e g a tiv e . I t  ap peared to  ap proach zero p h ase a s s y m p to t ic a lly . This s im u la tio n  had been c a r r ie d  out w ith ZTy = 0 s in c e  no s e r ie s  impedance had been used in th e  experim ent. But
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when a sm all r e s is t a n c e  was allowed fo r  to  s im u la te  th e  c o ilr e s is t a n c e , th e  p h ase  a n g le  went n e g a tiv e  fo r  th e  s q u a re  wave fo r  B| > 2 Wb/rn ,̂ The s im u la tio n  of th e  t r ia n g u la r  and s in u s o id a l su p p lied  co re s  rem ained com parable.
T his r e s u lt  is  mentioned t o  j u s t i f y  th e  a c c u r a te  s o lu tio n  of c i r c u i t s  which in clu d e m agn etic co re s  in heavy s a t u r a t io n .
2.6 Some Remarks on S a tu ra tin g  Motor C irc u its
The te e t h  and yoke of an in d u ctio n  motor form a s a t u r a t in g  core, a lth o u g h  i t  is  n o t q u ite  th e  same a s  a sim ple core, due t o  th e  d is t r ib u t e d  n a tu r e  of th e  machine. I t  is  modelled by a s a t u r a t in g  choke in p a r a l le l  w ith th e  m ag n etisin g  r e a c ta n c e  of th e  a ir g a p ,




= S t a t o r  r e s is t a n c e  + s t a t o r  le a k a g eor 0/C fo r  t r i p l e t  harm onics, s t a r  connected  = R o to r impedance (in clu d in g  leak ag e)= A irg a p  m a g n e tisin g  r e a c ta n c e  = Core impedance
T his c i r u i t  may be tra n sfo rm e d  t o  an e q u iv a le n t Thevenin c ir c u it .
-cv
Fig. 2.6 Thevenin C irc u it  fo r Induction Motor
a ls o . vTy =
^Ty = Zsv Zgy 6̂ ^ry ZsyZgyZry
ZgyZry + Z r y Z sy + ZsyZgy 
ZgyZryVy
ZgyZry + ZryZsy + ZsyZgy
ZT1 -  z s l
(2.5)
(2.6)
and V T| — V!
The fu n d am en tal f lu x  d e n s ity  w ill depend p r im a rily  on VT| and weakly on ZTj .  C o n sid e r th e  ca s e  fo r  a s in u s o id a l e x c ita t io n .
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VTy = 0 fo r v*l/. ZTyIv + Vci* = 0 fo r v tl (2.7)
If th e  core is  heavily sa tu ra te d , the Vcv, may be q u ite s ig n ific a n t, esp ecially  fo r v -  3 and v = 5.
If lo sses are ignored, t o ta l  complex power into the core must have a zero re a l p a rt.
i.e. co
l  Re(Va>li) = 0 (2.8)v=lBut VcwlJ = - 4 - V c v v L  fo r v*\ (2.9)
7*
lTvfrom equation C2.7). So. i f  ZTy has a p o sitive  re a l p a rt. Vcvl* has a n egative re a l p a rt fo r v*l. Then from equations (2,8). Re (Vc^i*)>0, That is . th e power sunk in th e harmonic c ir c u its  is  transm itted  to  them via  th e core, and in the fundamental c ir c u it , the core is  a power sink. In th e  case of a sq u irre l cage ro to r, which responds stro n gly  to  harmonics, th e harmonic ro to r re s ista n ce  is  quite low and the power going into  th e harmonic c ir c u its  may be q u ite s ig n ific a n t.
Sim ilarly, re a ctiv e  power is  supplied to  the harmonic c ir c u itsvia th e  core.
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2.7 Iron Losses
Of th e  sa tu ra tio n  models mentioned in Section 2.2. only Briansky s m odels, which is  not used here, includes provision to  model a B-H loop. 0'Kelly22 used a complex perm eability to  rep resen t iron lo sses, and accounted fo r sa tu ra tio n  by making i t  non-linear as well, but he did not deal with th e harmonics which a r is e  in non-linear m aterial. An extension of h is approach may be used here.
The solution  of a s a tu ra tin g  lo s s le s s  core problem will give s e ts  of phasors B y  and Hy. whose corresponding time fu n ction s. B(t) and H(t) describe th e B-H curve. To include iron lo sses, th a t  curve must be broadened in to  a loop, which may include eddy current lo sses. In phasor terms, th e H y  must be advanced by an angle. 0y, I t  is  found th a t , i f  each Hy is  advanced by th e  same fra c tio n  of i t s  period, then a very good approximation of the B-H loop r e s u lts  (see Fig. 2.7). We have 0iBy = y- (2.10)and Hy must be m ultiplied by .
Approximate dimensions of th e  B-H loop be estim ated by th e following considerations. F ir s t ly , th e waveform of H(t) is  always peaky, so th a t  a t  th e  peak, th e  con trib u tion s from th e harmonics are  a l l  of th e  same sign , and near th e ir  maximum values, A q u arte r of a cycle la t e r  th ese  con trib u tion s will be near zero and th e ir  s ign s w ill be d istr ib u te d  haphazardly. The main contribution  will come from H .̂ so i f  Hq is  th e  in te rce p t of th e B-H loop on th e H -axis.
th en Hq ~ | | s in  0| - 1 H} 10],
Secondly , i f  Bm is  th e  maximum v a lu e  of B on th e  loop, th en  a t  low f lu x  d e n s it ie s , th e  are a  of th e  loop is  ap p roxim ately  t h a t  of an e l l ip s e  whose axes a r e  2Hq and 2Bm. t h a t  is . xH0Bm, For s q u a re  loop s, w ith s h a rp  knees on th e  s a t u r a t io n  cu rve , th e  are a  ap p ro ach es t h a t  of a s q u a re  of s id e s  2Hq and 2Bm. t h a t  is  4H0Bm.
Once a s o lu tio n  h a s been found fo r  th e  lo s s le s s  case , th e  lo s s e s  may be c a lc u la te d  from d a ta  s h e e ts  and th en  0̂  may be e stim a te d . If  th e  r e s u lt in g  a re a  of th e  loop is  n ot w ith in  th e  re q u ire d  to le r a n c e , a new e s tim a te  of 0  ̂ may be made from th e  o b s e rv a tio n  t h a t  th e  loop a re a  is  ro u g h ly  p r o p o r tio n a l to  0 ,̂
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2.8 Summary
A survey is  made of some of the models of sa tu ra tio n  in magnetic m aterials , from the lite r a tu r e . I t  is  demonstrated th a t  an in fin ite  number of harmonics is  generated by th e n o n -lin earity  and th is  leads to  a formulation of electrom agnetic c ir c u it  problems by s e ts  of harmonic phasors in both e le c tr ic a l and magnetic q u a n titie s .
Some magnetic c ir c u its  are discussed and some unusual r e s u lts  are highlighted . In the lig h t  of th is , observations are se t down which enable th e simpler solution of induction motors with s a tu ra tin g  cores.
A technique is  sketched whereby iron losses read ily  may be included in th e method, developed here, fo r solving magnetic c ir c u its .
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3. Chapter 3 -  Single Phase A n a l o g u e 2 5
3.1 Transformer Equivalent of Composite Machine
In th e  same way as an induction machine may be modelled by a transform er with an airgap  in th e core, th e composite machine may also  be modelled by a tran sfo rm er-like  c ir c u it . This c ir c u it  must have th e  following fe a tu re s .
a . The flu x  which lin ks each secondary must a lso  link a primary.
b. Each secondary need not n ecessarily  be linked by the same flu x . A path must be availab le , corresponding to  th e s t a t o r  core, which provide an a lte rn a tiv e  path for flu x  which lin k s one but not both secondaries.
c. The two primary windings must have equal numbers of tu rn s  and must be connected in se rie s  in such a way th a t  they provide m.m.f. in the same d irectio n ,
d. The flu x  linking each secondary must cross an airgap.
I t  is  represented in Fig. 3.1. The ce n tra l, unbroken, leg of th e iron rep resen ts th e  s t a t o r  yoke.
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Fig. 3.1 Transformer Equivalent of Composite Machine
3.2 C ir c u it  Analysis
F ig . 3.2 is  th e  same a s  F ig . 3,1 excep t t h a t  c u r r e n ts , f lu x e s  e t c  have been la b e lle d .
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b
Fig. 3.2 Transformer C ir c u it
The m.m.f. dropped in iro n  o th e r  th a n  th e  c e n t r a l  s h u n t. Fc , w ill be ig n ore d  fo r  th e  p r e s e n t  a s  i t  o b scu re s  th e  o p e ra tio n  of th e  syste m . I f  n e c e s s a r y , i t  can be in c o rp o ra te d  in th e  a ir g a p  te rm s. C o n s id e r a tio n  of th e  m.m.f. around th e  two loops of th e  m agn etic c i r c u i t  le a d s  t o ✓ g c6nNlip  - ^ a  = “  +Fc v,
v, . ./ 9^bNiip - N 2 l h = — 7  - F C 1 - b uqAThe a ir g a p s  a r e  presum ed eq u al t o  g . and to  have a c r o s s  s e c tio n  of A, and f r in g in g  is  ig n o re d . The se co n d a ry  c u r r e n ts  may be r e fe r r e d  t o  t h e  p rim ary  by N2 i a a ~ N /
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Then
and Ni Cip - ia) = ^ +Fca<*bNl(ip " = " Fcii0ABy combining th e two equations, we have
g (<t>a. ~N^ia - ifa ) + u0A + 2FC = 0Then with ic  -  ia  _ ib
-  $0. ~ t’b
(3.1)
(3.2)
N = htNic + i l£ + 2 F c  = 0 u0A (3.3)The v o ltage s induced a t  th e term inals of the secondary windings are
va =N2d#adt/ d*b vb = N2 -d TThese vo ltage s may also be referred  to  th e  primary side by defining
Va = ^ Va =N d#adtN ' Md ^bvb = j ^ v b = N d TEquations (3.1) and (3.2) may be used to  s u b s titu te  expressions for #a and ¿b so
va = Hd t g0A~g— (N(ip -  ia) -  Fc) 1J
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U0AN2 d . . tipAN dFg
" “ g ~ d t (lP ” la)_ g dtMp AN  ̂ c\ upAN dFc
vb " g” d t (lP “ 1bU  g dt
(3.4)
(3.5)
These e x p r e s s io n s  fo r  v a and s u g g e s t  a sim ple e q u iv a le n t c i r c u i t ,  n e g le c t in g  le a k a g e  r e a c ta n c e , shown in F ig . 3.3, The m a g n e tis in g
in d u c ta n c e . Lm. is  g iv e n  by Lm = upAN2g= HÌ
Rgwhere Rg is  th e  r e lu c ta n c e  of th e  a ir g a p .
When th e  s h u n t is  in th e  l in e a r  re g io n  of th e  B-H cu rv e , wehave Fc -  R^cwhere R is  t h e  r e lu c ta n c e  of th e  s h u n t.in t o  e q u a tio n  3,3 g iv in g . I RgNic + Fc | + 2
This may be s u b s t i t u t e d
= 0 (3.6)
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E q u a tio n  (3.6) may be used t o  s u b s t i t u t e  fo r  Fc in th e  l a s t  term  of e q u a tio n s  (3.4) and (3.5), This term  becomes
Rq d tc M d -H icRg d t (Bi + 2)1 R + J
-N2 d ieR* d tRg + ? RT h at is .  th e  v o lt a g e  g e n e r a to r  in F ig . 3,3 can be re p la ce d  w ith an in d u c ta n c e  whose v a lu e , Ls . is  n e g a tiv e .
t s  = -Lm RRq +2R (3.7)
The e f f e c t  of le a k a g e  r e a c ta n c e  can be acco u n ted  fo r  by assum ing le a k a g e  flu x e s  lin k in g  each in d iv id u a l winding and none of th e  o th e r  w in d in gs. The r e s u l t  is  a le a k a g e  r e a c ta n c e  connected in s e r ie s  w ith each w inding. I f  w inding r e s is t a n c e s  a re  a ls o  in clu d ed , th e  r e s u lt in g  e q u iv a le n t c ir c u i t ,  when th e  sh u n t is  in th e  lin e a r  reg io n  of th e  B-H cu rv e , is  t h a t  shown in F ig , 3.4.
Ra
Rb
Fig. 3.4 Equivalent C irc u it  fo r  Linear Shunt
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3.3 The System as Series and P a r a lle l Connections
I f  th e  s h u n t is  a m agn etic  s h o r t  c ir c u i t .  R=0 and e q u a tio n  (3.7) g iv e s Ls = 0In t h i s  ca s e  i t  is  obvious t h a t  th e  c ir c u i t  of Fig . 3.4 re d u ce s  sim ply t o  two m achines in s e r ie s .
I f  th e  s h u n t is  a m agn etic open c i r c u i t ,  R = « and e q u a tio n  (3.7)g iv e s Ls -I f  t h e  c i r c u i t  is  now an e x a c t  e q u iv a le n t of two m achines in p a r a l le l , th e  load im pedances would see th e  same Thevenin e q u iv a le n t c ir c u i t  a s  th e  load impedance of a sim ple tr a n s fo r m e r  s e e s ,-------1-------1-----22© 1 zV m'm ~ 2 Zn__ r m _ 'a
X
■ b
Fig. 3.5 C ir c u it  with R = »
The Thevenin v o lt a g e  which a p p e a rs  a t  th e  te rm in a ls  of Za i n pig. 3.5 is V Zm
« - 1 7  ZjZmZm + Ẑ  + ijrj—U sin g  t h e  a p p r o p r ia te  r e s u l t  from Appendix B i t  is  found t h a t  th e  Thevenin im pedance is Z^Zm
h  + Zm + H '
1
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T hese e x p r e s s io n s  a r e  c lo s e  t o  th o s e  o b ta in e d  f o r  a tr a n s fo r m e r  w ith  m a g n e tis in g  im pedance Zm and p rim ary  lin e  im pedance Z j . su p p lie d  w ith  a v o lt a g e  of | v .  For t h i s  tr a n s fo r m e r , th e  e x p r e s s io n s  a r e  Thevenin v o lt a g e
-v———- 2 Zrn + ẐThevenin im pedance V m
h  + r̂n
The c i r c u i t  which g iv e s  e x a c t ly  th e  same Thevenin e q u iv a le n t  a s  t h a t  seen  a t  th e  te r m in a ls  of Za in F ig . 3.5 is  r e p r e s e n te d  in F ig . 3.6.
F ig . 3.6 C i r c u i t  a s  Seen by Impedance Za
The sy ste m , th e n , w ill n o t behave e x a c t ly  a s  two p a r a l le l  m achines when R = « . b u t w ill be v e ry  s im ila r  i f  Zt . zm an d Zb ta k e  on t y p ic a l  v a lu e s .
3.4 The Power C u rv e s
In t h e  a n a lo g y  betw een in d u c tio n  m otors and tr a n s fo r m e r s , th e  to r q u e  d eveloped by t h e  in d u c tio n  m otor co rre s p o n d s  t o  th e  power d evelop ed  in a tr a n s fo r m e r  s e c o n d a ry . The r o t o r  r e s is t a n c e , r e fe r r e d  t o  t h e  s t a t o r ,  i s  where S i s  t h e  r o t o r  s l ip  and Rr  t h e  r o t o r
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r e s is ta n c e  a t  s t a n d s t i l l . The torqu e curves, d iscussed in Chapter 1. have to rqu e measured along th e  v e r t ic a l  ax is  and s lip  values along th e  h o rizo n tal a x is . The q u a n tity  corresponding to  s lip  in th e  tran sfo rm er model is  not load r e s is ta n c e , but load conductance, th e  load taken to  include secondary winding re s is ta n c e . Therefore, to  sim ulate th e  torqu e curves of th e  composite motor, power curves must be produced where th e  power developed in th e  secondaries is  p lo tte d  a g a in s t  v a r ia tio n s  in conductance away from mean conductance. The sum of th e  two conductances must remain co n stan t along any such curve. For a given curve th e  mean secondary conductance will be G and th e  v a ria tio n  in conductance w ill be ±AG: th e  conductances of th e  two secondary loads are  G ± AG.
The most u sefu l curves are  th ose where th e  slope is  p o sitiv e  on th e  cen tre  line. If P is  th e  power along a power curve, i t  is  exp ressib le  as a fun ction  of AG. We req u ire a t  AG = 0,
Since th e  machine is  balanced on th e  cen tre  line, th e re  is  no flu x  in th e  shunt, which must th e re fo re  be in th e  lin ear region of i t s  B-H curve. Then
Zs -  0The c ir c u it  is  solved in general terms in Appendix B. If  Z2  is  th e  secondary leakage impedance and Zm is  th e  m agnetising inductance on each side, then th e  r e s u lt  may be form ulated as follows, A complex determ inant is  formed whose value is
ZZZ = 2Ẑ  2̂Zm(Z2 + + Ẑ  + CZ2 + j
+2Zm |zm(Z2 + ^) + 2(Z2 + j
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The determ inant ZZZ contains terms in th e  second power of AG and th e se  term s have been ignored. The cu rren t in th e  conductor G -  AG is
VZm(Zm+Z2 + £)ZZZ VZmAGG2ZZZ
P = 1*1G -  AGSlope of curve a t  cen tre line is
ap V*VZ2 raAGAG=0 +(Zm + Z2V9------------- * r , r » r ,  [ r 2 lG^ZZZ ZZZ L G' C3.8)The expression ou tside th e  b ra ck e ts  is  n egative  so th e condition fo r  a p o s itiv e  slope on th e  cen tre  line is
G2(Zra + Z2)2 < -1
or G2 I Zm + Z2 |2> 1 (3.9)
For most p r a c tic a l motors th is  would be s a t is fie d  fo r  ap­proxim ately th e  upper h a lf of th e  usable range of G. and G may be e ith e r  p o s itiv e  or n egative . That is . i t  is  to  be expected th a t  th e motor w ill sh are torque th e  most evenly between th e  two sid es when running a t  between h a lf and fu ll  load.
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3.5 Transform ation of th e  Equivalent C ir c u it
z ,
Fig. 3.7 Equivalent C ir c u it
The c i r c u i t  of F ig . 3.4 h a s been rep ro d u ced  in F ig , 3,7 in a s l i g h t l y  s im p lifie d  form. E q u a tio n s  (3.4) and (3,5) g iv e  th e  v a lu e  of V3 a s Vs uqAN dFc<? d T (3,10)By t h e  same p r o c e s s  a s  t h a t  used in C h a p te r  2. a l l  th e  t im e -v a r y in g  e l e c t r i c a l  and m ag n etic  q u a n t i t ie s  m ust be s p l i t  up in to  t h e i r  (odd) harm onic com ponents, r e s u lt in g  in a s e t  of harm onic c i r c u i t s ,  a s  shown in F ig . 3.8.
Fig. 3.8 Harmonic Equivalent C ir c u it
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An e q u iv a le n t  Thevenin c i r c u i t  can be d e riv e d  t o  r e p r e s e n t  th e  c i r c u i t  co n n e cted  t o  th e  te r m in a ls  of Zs y , The g e n e r a l e x p r e s s io n s  fo r  th e  Thevenin v o lt a g e  and im pedance can be found in Appendix B. F ig . 3.9 shows t h e  harm onic Thevenin c i r c u i t  which co n n e cts  t o  Zs y .
+V S v>
Fig. 3.9 Harmonic Thevenin C ir c u it
E q u a tio n  (3.10) may be r e - w r it t e n  in p h a s o r  form a s
VSv = 3vujUqAN̂  ja NFci'
-  Zmv gFcv (3.11)
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The v o lta g e  equation fo r  th e  harmonic Thevenin c ir c u it  is
V?v = Z-ft/Icv + Vsy (3.12)
Equation (3.3) can be re -w ritte n  in phasor form
ni® + V T +2f o | = °  u0A (3.13)
Then Vsv, and Icy can be eliminated from equations (3.11) -  (3,13)
v Ty = ZTv g$cy -  2Fcl» 1 , N + Zmy ¿Fey
Zmy -2 2 ^ ,- Fcv “ NZTy ,—  lywQcy ¿m
7 I I
7^ -V jy  = 2Zmy -  ¿Fey + jywNOcy zTy zTy | N (3.14)
Then, i f  th e  length  of th e  shunt arm is  i?s , and th e  cross se ctio n a l area is  As . Fey = #sHy
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and $Cy -  AsBbywhere By and Hi» are th e  phasors making up flu x  d en sity  and magnetic fie ld  in th e  shunt m aterial. I f  th ese  s u b s titu tio n s  are made in to  equation (3.14). th e  r e s u lt  is  a system sim ilar to  th a t  of equations(2.1) to  (2.3) Zmi',, _  #sTv = N 2Zmi» - | Hy + jvwAsNB),» (3.15)
By t h is  method, th e  c ir c u it  has been transform ed to  a simples e rie s  choke c ir c u it  withsuDply v o lta g e s Zmy“ 7  v Ty
s e rie s impedances ZTl, Z^0 7  mv zz*my 7number of tu rn s ¿TyNlength of choke core -0scro ss ;section  of choke core ^s
The c ir c u it  may now be solved by th e  methods developed fo r  th e simple c ir c u it , which are  f a s t  and a ccu rate . The c ir c u it  can then be transform ed back to  i t s  o rig in a l form and th e complete solution  is  s tra ig h tfo rw a rd . To convert back to  th e  f i r s t  Thevenin c ir c u it , we have only to  c a lc u la te  th e  cu rren t and v o ltage  in th e  element 
Zgy. So we have, from equation (3,11)
Vgy = Zmy t t Hv (3.16)Nand from eauation (3.13)
icy
{ ivuNAsBi» 2#s__
[ -— s------- + -rr-Hyl. Zmy N Ji (3.17)
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Then 7 VSy
LSV = TThe r e s t  of th e  c ir c u it  may be solved as a lin ear c ir c u it  with th e ca lcu lated  values of ZSVi,
3.6 Approximate Behaviour of Circu it
We may approximate th e expressions fo r th e supply vo ltage  ands e rie s  impedance of th e  transform ed c ir c u it , by ignoring primaryr e s is ta n c e  and th e  leakage inductances. The load conductances willbe G ± AG. The equivalent vo ltage  becomes_ VyAG Ymi' + Gand th e  equivalent se rie s  impedance is
2Ymi' + Gwhere Y -  1Ymi' -  7—  *¿mi*
If ^sa t  is  th e  flu x  in the shunt a t  sa tu ra tio n , then th e vo ltage  in th e  equivalent c ir c u it  will have to  reach
M ^ s a t  'before s a tu ra tio n  ta k e s place. U n til t h is  point is  reached, th e equivalent choke is  e ffe c tiv e ly  an open c ir c u it  andZsl, -  0The expression fo r  th e  equivalent vo ltage , above, in d icates th a t  i t  is  p rop ortional to  AG. and also , th a t  i t  is  reduced fo r large
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valu es of G, e ith e r  p o s itiv e  or n egative . On a per u n it b a sis , fo r a p r a c t ic a l  machine. w ill be about -  j 0,4. and G may vary between ±1. The shunt w ill s a tu r a te  soonest fo r  values of G between about ± 0,3 and a t  G = ±1. i t  will req uire th e g r e a te s t  values of AG to  s a t u r a te  th e  shunt.
On th e  cen tre lin e of th e power curves, th e  machine behaves lik e  two motors in se rie s . When th e  shunt s t a r t s  to  s a tu r a te , th e  power curves move away from th e  curves fo r  se rie s  machines and s t a r t  to  ta k e  on some c h a r a c te r is t ic s  of p a r a lle l machines. The sm aller th e  value of G and ^s a -̂  (i,e. th e  sm aller th e  shunt) th e  sooner th is  happens. This e ffe c t  is  i l lu s tr a t e d  in th e  next chapter.
3.7 When the Machine is  Not Symmetrical
There are  se v e ra l reasons why th e  machine i t s e l f  may not be sym metrical. The a irg a p s may not have been s e t exactly  equal on both sid e s . Also, when th e  loads are unbalanced, one side will be lin kin g more flu x  than th e  other and may go in to  sa tu ra tio n .
If we no longer assume a lin e a r re la tio n sh ip  between m.m.f. and flu x  in th e  two main legs of th e  magnetic c ir c u it , equations (3,1) and (3.2) become N(ip -  i a ) = Fa + Fc N (ip -ib )  = Fb - F c The v o lta g e s  re fe rre d  to  th e  primary are
va = Ndd>ad t
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Vu = N d tA ll th e  tim e-varying q u a n titie s  can be reduced to  a se rie s  of odd harmonics, so th a t , fo r  th e  y th  harmonic.
N(Ipv -  lav) = Fay +Fcy (3,18)NCIpy -  Ij-jy) = Fby + Fey (3.19)Vay = iy(jN4>ay (3.20)^bv = j l'wN^bv (3.21)and $cy = $ay -  $£,1» by d efin itio n (3.22)Now. by analogy with a magnetic core, we can define impedances
7  ■ v,2$ay NVay ¿may = =Fay Fay (3.23),  • „ 2 *bv NVbi- zmbv = wwN F = F r by r by (3,24)
7  . VT2 $cy zmcy = m jN p  *̂ cy (3.25)If th e  s ix  magnetic phasors. Fai<t Fby. Fey. $ay. elim inated from th ese  eigh t equations, we have $by and 4>cy areir ,T T , (2zmby + zmcy )Zmay Vay = (Ipy Iay ) 7  _ _¿may + ¿mby + zmcyj. n  r \ zmayZrnbii ^ay Ipy ) n „ rj¿may + Zmby + zmcyv. _ , t T s(2 zmay+Zmcy)Zmbl, vby CIPV W 7  a 7  a 7  ■ ~ ¿may + Zmjr,y + Zmcy
(3.26)
n  r  ̂ zmayZmby a ay Iby ) 7  , 7 a 7¿may + Zmby + Zmcy (3.27)








Fig. 3.10 Equivalent C ir c u it  fo r  Un symmetrical Hachine





2 Z mbii + Zmci»
(3,28)
^m av + Z mj-,Y, + Zmci»
2Zmai> + Zmci» (3,29)
^mai» + ^m by + Zmci»
“ ^mbv^m bi* (3.30)Zrnay + Zmfcy + Zma»
When Zmay = Z ^ y .  th e s e  e x p r e s s io n s  re d u ce  t o  th o s e  d e riv e d  e a r l i e r .  When th e  s h u n t is  in  th e  l in e a r  re g io n . Zmcl is  an o rd e r of m agn itu d e g r e a t e r  th a n  Zmaj and Zmj-,j and so
and
z u a l “  z mal
zu b l -  zmblB u t when t h e  s h u n t s a t u r a t e s .  Zmcj becomes com parable w ith Zmal and Zmj3 l. and th e n  from e q u a tio n s  (3.28) and (3.29). Zu a  ̂ and Z y ^  draw c lo s e r  t o g e t h e r .
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3.8 Summary
The sin gle  phase analogue of th e  composite (twin rotor) machine was introduced and analysed and th is  lead to  an equivalent c ir c u it . I t  was explained how t h is  c ir c u it  behaved lik e  e ith e r two se rie s  tran sfo rm ers when th e  shunt relu ctan ce went to  zero, or two p a ra lle l tran sfo rm ers when i t  went to  in fin ity .
A tran sform ation  was carried  out on the equivalent c ir c u it , to  sim plify i t s  solution . The new c ir c u it  was a simple se rie s  choke c ir c u it , such as those considered in Chapter 2, The core of th e choke was ju s t  th e  shunt of the o rig in al transform er. The r e s u lts  of t h is  sim p lificatio n  were used to  p re d ict th e  approximate behaviour of th e  transform er under varying load conditions.
F in ally , an a n a ly sis  was carried  out to  find th e  e ffe c t , on the equivalent c ir c u it , of uneven a irg ap s. or sa tu ra tio n  in one of the main flu x  p ath s.
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4. C hapter 4 -  The Experimental Transformer
4.1 In tro duction
A s e t  of la b o r a to r y  t e s t s  were c a r r ie d  o u t on a s in g le  p h a se  analogue (exp erim en tal s h u n t tra n s fo rm e r) . The r e s u l t s  a r e  compared, h e re , w ith  th o s e  p r e d ic te d  by th e  model of C h a p te r  3.
4.2 D escrip tion  of th e  Experimental Transformer
The m ag n etic  c i r c u i t  c o n s is te d  of two C -c o r e s  and a s h u n t s e c t io n  made of s t r a i g h t  la m in a tio n s . The c h a r a c t e r i s t i c s  of th e  s h u n t were v a r ie d  by making m illed c u t s  t o  d i f f e r e n t  d e p th s  a c r o s s  th e  s h u n t. F ig s . 4.1 and 4.2 show an u n cu t and a c u t  sh u n t r e s p e c t iv e ly .
Fig. 4.1 Uncut Magnetic Shunt
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,'A * v̂ -̂ . vj-jfl£& -V' ^ i« 1
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Fig. 4.2 Magnetic Shunt with Milled Cut
The la m in a tio n s  in th e  s h u n t were o rie n te d  t o  c a r r y  flu x  both a c r o s s  from one C -c o r e  to  th e  o th e r , and down th e  le n g th  of th e  s h u n t . F ig . 4.3 shows th e  m agn etic c ir c u i t  assem bled.
Fig. 4.3 The Assembled Magnetic C ir c u it
The tr a n s fo r m e r  is  com pleted by th e  a d d itio n  of th e  c o ils , as  shown in F ig . 4.4. which a ls o  shows a sm all c o il lin k in g  th e  sh u n t in o rd e r  t o  d e t e c t  th e  f lu x  p a s s in g  down th e  s h u n t.
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Fig. 4.4 The Fully Assembled Transformer
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4.3 B a sic  Measurements
The fo llo w in g  t e s t s  were c a r r ie d  out to  d eterm in e t h e  p a ra m e te rs  of t h e  tr a n s fo r m e r .
a . D.C, r e s is t a n c e  m easurem ent on each c o il .
b. A.C, re s ista n c e / im p e d a n c e  m easurem ent on each c o il , th e  c o ils  bein g  ta k e n  o ff  t h e  C -c o r e s  fo r  th e  t e s t
c. S/C t e s t  on f u l ly  assem bled tr a n s fo r m e r
d. 0/C t e s t  on f u l ly  assem bled tr a n s fo r m e r
e. 0/C t e s t  w ith s h u n t removed
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Fig. 4.8 Open C ir c u it  Test -  Shunt Removed
£. C -C o r e  E x c it a t io n  C h a r a c t e r i s t i c
Peak v a lu e s  were re a d  on t h e  C.R.O, fo r  a ra n g e  of su p p lie d  v o lt a g e s .
g . Sh u n t E x c ita t io n  C h a r a c t e r i s t i c
Fig. 4.10 Shunt E x cita tio n  Test
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To fin d  th e  s h u n t c h a r a c t e r i s t i c ,  one r e q u ir e s  th e  C -c o re  c h a r a c ­t e r i s t i c .  which is  determ ined by te s t . f .
The p a ra m e te rs  and c h a r a c t e r i s t i c s ,  a s  determ ined by th e s e  t e s t s ,  a r e  g iv e n  in Appendix C, There a r e  fo u r  e x c it a t io n  c h a r a c t e r i s t i c s  fo r  t h e  s h u n t , co rre sp o n d in g  t o  th e  u n cu t s h u n t and th e  s h u n t w ith th e  c u t  down t o  t h r e e  d i f fe r e n t  d e p th s .
4.4 The Load T ests
The c i r c u i t  of F ig . 4.11 was used to  ru n  th e  load t e s t s
Each t e s t  run was con ducted  so a s  t o  s im u la te , as  f a r  as  p o s s ib le , a v e h ic le  t r a v e l l i n g  in a s t r a i g h t  lin e  or on a cu rv e  w ith th e  w heels a t  a c o n s t a n t  mean speed and t h e  d r iv in g  r o t o r s  a t  a c o n s t a n t  mean s l ip .
A ru n  was s t a r t e d  w ith b oth  se co n d a ry  r e s is t a n c e s  (in clu d in g  c o il  r e s is t a n c e )  s e t  eq u a l t o  each o th e r , s im u la tin g  th e  v e h ic le  t r a v e l l i n g  in a s t r a i g h t  lin e . In te n  s t e p s , th e  r e s is t a n c e  of one s id e  was in c r e a s e d  from i t s  s t a r t i n g  v a lu e  t o  an open c i r c u i t ,  so  t h a t  t h e r e  was a (n ea rly) uniform  r e d u c tio n  in co n d u cta n ce  from th e  s t a r t i n g  v a lu e  t o  zero . The co n d u cta n ce  of th e  o th e r  se co n d a ry
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was increased in equal ste p s  to  tw ice i t s  o rig in a l value. The mean conductance remained fixed through th e  run.
The supply v o lta ge  was maintained a t  100 VRMs, ensuring th a t  th e  C -cores remained in th e ir  lin e a r region.
T ests were run fo r  a l l  p o ssible combinations of th e  following conditions.
a . A irgap s. To b e tte r  sim ulate a motor, a irgap s were introduced a t  th e  ends of th e  C-cores by means of sp acers.T ests were run both with and without a irgap s.
b. Shunts. Four sh u n ts were used, th e level of flu x  a t which they s a tu ra te d  depending on th e  depth of th e milled cu t.
c. Mean Load. Runs were s ta r te d  with th e  secondaryr e s is ta n c e s  s e t  a t  200 £. 100 50 Q and 25 Q.
Thus th e re  were 32 load t e s t  runs carried  out. They were a ll  sim ulated with th e  model of Chapter 3 and th e  r e s u lts  follow.
4.5 The R e su lts
Four measured power curves, corresponding to  th e  four mean conductances, appear on each graph, along with the curves predicted by th e  model. Those presented in th is  section  are  fo r th e machine assembled with sp acers fo r  a irg a p s . Appendix D shows th e  curves obtained fo r  th e  machine without a irg a p s .
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The v e r t ic a l  a x is  measures power and th e  h o rizo n tal a x is  measures d e v ia tio n  from mean conductance. Both axes are  in th e  normalised u n its  p resen ted  in Appendix E,
IT -  P/^c_core  
T'a = Ga u(Lm + L2 ) 
r b  ~  ^bw^m + L2) 
f = ̂ (ra + rb)Ar = | ( r a - r b )The model p r e d ic ts  th e  c h a r a c te r is t ic s  of th e  tran sfo rm er q u ite  well, but some p o in ts need comment.
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FIG 4 . 12  POWER CURVE5-UNCUT SHUNT
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FIG 4 . 13  POWER CURVES-FIRST CUT
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FIG 4 . 15  POWER CURVES-THIRD CUT
-6 0 -
4.5.1 A t Ar = 0
The e x p e rim e n ta l c u r v e s  do n o t c o n s is t e n t ly  meet when th e y  r e a c h  t h e  c e n t r e  lin e , e s p e c ia lly  f o r  low mean c o n d u cta n ce  o r where t h e  s p a c e r s  a r e  in p o s it io n  (see Appendix D f o r  r e s u l t s  w ith o u t s p a c e r s ) .
On t h e  c e n t r e  lin e , th e  s h u n t i s  o p e r a tin g  in t h e  l in e a r  r e g io n , so Zs CS 0
The e q u iv a le n t  c i r c u i t  i s ,  th e n , t h a t  of F ig . 4,16 e x c e p t t h a t  le a k a g e  in d u c ta n c e  and s t a t o r  r e s is t a n c e  h ave been o m itte d . Tf
Xma = X + lAX.
^mb = X -  | iX .and
Ra = Rb = R,V a Qth e n  an e x p r e s s io n  may be found fo r  j ^  .
Fig. 4.16 Sim plified Equivalent C ir c u it  fo r  Balanced Loads
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fo r
Va .2 _ i  „  R2AX v 4 4(R2X + X 3)= X?)X  4(Ej + l)
4X C X
That is  th e re s u ltin g  asymmetry in th e power curves will be g r e a te s t  when B is  g r e a te s t , which is  what is  observed. I t  may reasonably be in ferred  th a t  t h is  asymmetry is  caused by th e a irgap s being not e x a ctly  equal,
4,5.2 E ffe ct of D ifferent Shunts
Because of th e  d iff ic u lt y  of connecting a negative re s is ta n c e  to  th e  secondaries, no such sim ulation was undertaken and th e  power curves a l l  lie  in th e  p o sitiv e  power region. Within th is  lim it, th e experim ental transform er and th e  model both exh ib it c h a r a c te r is t ic s  which are  p a rt way between p a ra lle l motors and se rie s  motors. The transform er with th e  uncut shunt behaves very much like two motors in s e r ie s , producing la rg e  S-shaped power curves. As th e  shunt is  reduced, th e  S-bend in th e curves is  reduced, and th e curves approach what we expect from two p a ra lle l machines, which is  iu s t  th e torque-speed c h a r a c te r is t ic  of an induction machine, drawn through th e  ap p ro p riate  zero.
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4.5.3 E ffe ct of Mean Conductance
That point in th e  curves, where they reach th e  minimum on th e le f t  hand side, in d ica te s  where th e  s a tu ra tio n  in th e  shunt becomes im portant. The se p a ra te  s e ts  of c h a r a c te r is t ic s  show th a t  i t  occurs a t  g r e a te r  values of Ar, with high mean conductance than with low. That is , th e  le f t  hand minimum occurs fu rth e r  away from th e cen tre lin e , th e  higher th e  mean conductance is . This is  predicted in Chapter 3. Section 3,10,
4.6 Waveforms in the Transformer
As a fu r th e r  check on the accuracy of th e  model, several s e ts  of waveforms were sketched from th e oscilloscope, fo r  supply vo ltage , the v o lta g e s of both secondaries, th e  primary cu rren t and th e  shunt flu x . The same conditions were simulated on th e  model and corresponding s e ts  of waveforms were generated fo r  comparison, A selectio n  is  shown here and sev era l more are given in Appendix F.
Once again, th e  model a ccu ra te ly  p re d icts  th e  performance of th e  machine. In p a r tic u la r  th e  following po ints may be noted.
4.6.1 Shunt Flux
When th e  shunt flu x  is  changing th e  fa s t e s t , th e  d iffere n ce  between th e  ."A" and "B" sid e v o lta ge s is  g r e a te s t .
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4.6.2 Primary Load Current






Fig. 4.17 Sketched Waveforms
Peak v a lu e sSeco n d ary 'A' v o lt a g e 98VSeco n d ary 'Bf v o lt a g e 58VP rim ary c u r r e n t 0.71 ASh u n t Flux 0.53x 10
Fig. 4.18 Secondary V oltages Fig. 4.19 Primary Current
F ig s . 4.17 t o  4,20 a r e  ex­p e rim e n ta l and p r e d ic te d  waveform s f o r  second c u t . w ith a ir g a p s  r a = 1.73. rjr, = 0










Fig. 4.21 Sketched Waveforms
Peak v a lu e sSeco n d ary 'A' v o lt a g e 124VSecon d ary 'B' v o lt a g e 43VP rim ary  c u r r e n t 1.26 ASh u n t Flux 0.69 x 10
Fig. 4.22 Secondary V oltage Fig. 4.23 Primary Current
F ig s . 4.21 t o  4.24 a r e  ex­p e rim e n ta l and p r e d ic te d  waveform s fo r  second c u t . w ith a ir g a p s .
Y a. -  5,61. rj-, = 0
Fig. 4.24 Shunt Flux
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4.7 Summary
This chap ter d escrib es th e  experimental work carried  out to  t e s t  th e  th eory developed in Chapter 3.
The b a sic  t e s t s  were described which were performed to  e sta b lish  th e  param eters of th e  transform er.
Then th e  r e s u lts  of th e  load t e s t s  were given as a s e t  of "power cu rves". They were compared with th ose predicted by th e m athem atical model and were found to  be very close to  them.
F in ally , experimental waveforms were presented and compared with th e  predicted waveforms, which were, again, q u ite  close to  th e  measured r e s u lts .
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5. Chapter 5 -  The Axial Flux M o t o r 2 6 . 2 7
5.1 Introduction
This chap ter deals with an a x ia l flu x  machine, a lso  called "a x ia l f ie ld -" , "a x ia l a irg a p -" , " d is c -"  or "pancake-" machine in various forms. In th e se  machines, th e  flu x  crosses th e airgap  or a irgap s in an a x ia l d irectio n  and th e  s ta to r  and/or ro to r  tak e  on the shape of d is c s . An a n a ly s is  will be presented of a p a r tic u la r  typ e of a x ia l flu x  machine, in te r e s tin g  in i t s e l f ,  but, more im portantly, i t  provides th e  occasion to  introduce many of th e  techniques which will be used la t e r  in th e  a n a ly s is  of th e  twin ro to r  machine.
5.2 Construction
There have been many methods of con stru ction  suggested fo r a x ia l flu x  machines. References28-39 d iscu ss a wide v a rie ty  of designs, some with more than one ro to r  or more than one s ta to r , some with s t a t o r s  or r o to rs  th a t  carry  no circum ferential flu x , some with r o to rs  t h a t  have l i t t l e  or no iron. None of th ese  machines are induction motors, but Bramantini e t al40 examine one.
The a x ia l flu x  machine which is  th e su b iect of th is  chapter c o n s is ts  of one ro to r  and one s ta to r . The iron core of each is  in th e  form of a d isc  with th e  cen tre  removed as in Fig. 5.1, The s t a t o r  and ro to r  have th e same inner and outer ra d ii but may d iffe r
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in  d e p th . They a r e  s e p a r a te d  by an a ir g a p  which is  in a p la n e , p e r p e n d ic u la r  t o  th e  a x is  of th e  two d is c s .
B oth th e  s t a t o r  and th e  r o t o r  a r e  lam in a ted . They a r e  b u i l t  up by w inding a co n tin u o u s  s t r i p  of s i lic o n  s t e e l  on to  a c ir c u la r  form er and th e  h o le s  fo r  th e  s l o t s  a r e  punched a s  th e  s t e e l  is  wound on. The m achinery is  s e t  up so t h a t  th e  s p a c in g  of th e  h o le s  is  a c o n t r o lla b le  fu n c tio n  of d ia m ete r so allow in g th e  s lo t s  t o  be
”7 V “7  V 7  V ~7 7 7 V
Fig. 5.2 S tr ip  of Punched Lamination
s t r a i g h t  or cu rv e d , r a d ia l  or skewed a s  d e s ir e d . The la m in a tio n s  ru n  c ir c u m fe r e n t ia lly  around th e  co re s .
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The geom etry  of th e  c o r e s  a ls o  make I t  e a sy  t o  in s e r t  th e  c o ils . A c o il  i s  wound on a form er t o  t h e  d e p th  of only one tu r n . So th eform er f o r  a c o il  o f 80 t u r n s  m ust be long enough t o  ta k e  a l l  80t u r n s , s id e  by s id e . The form er i s  lin e d  u d  w ith  th e  two s lo t s  which a r e  t o  c a r r y  th e  c o il , so  t h a t  th e  t u r n s  a r e  e x a c t ly  o p p o s ite  th e  two s l o t  o p e n in g s . A ram th e n  p u sh e s t h e  c o il  o ff  th e  form er in toth e  s l o t s .  The t u r n s  p a s s  th ro u g h  th e  s lo t  o p e n in g s, one by one. and f in d  t h e i r  own p o s it io n  in t h e  s l o t .  B oth th e  form ing of th e  co re  and th e  in s e r t io n  of th e  w in din gs a r e  e a s i ly  au to m ated .
I f  a s q u ir r e l  ca g e  w inding is  r e q u ir e d , an aluminium d ie - c a s t in gi s  f a i r l y  s t r a ig h t f o r w a r d .
Fig. 5.3 A xial Flux Motor Core
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Fig. 5.4 Rotor For A xial Flux Motor 
5.3 The D isc Configu ration
In a c o n v e n tio n a l m otor, th e  c o n d u c to rs  run in p a r a l le l  s lo t s  (ex cep t f o r  skew) and th e  geom etry of th e  m ag n etic  c ir c u it  is  th e  same alonci th e  com plete le n g th  of th e s e  s lo t s .  T h e re fo re , excep t fo r  end e f f e c t s ,  th e  same c o n d itio n s  hold alo n g th e  whole le n g th  of th e  m achine.
In an a x ia l  f lu x  m achine, th e  c o n d u c to rs  a r e  no lo n g er p a r a l le l , so  c o n d itio n s  v a r y  a lo n g  t h e ir  le n g th , (i.e . from th e  in n e r r a d iu s  t o  th e  o u te r  r a d iu s ) . A t each p o in t alon g th e  co n d u c to rs , th e  m.m.f. g e n e r a te d  w ill be th e  same, so  t h i s  w ill ten d  t o  s e t  up eq u a l f lu x  d e n s it ie s  o ver th e  whole a ir g a p . T his im D lies t h a t  th e  amount of
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flu x  p assin g  through th e  back iron of th e  outer lam inations (large rad iu s) is  p rop o rtio n ally  g r e a te r  than th e flu x  p assing around th e inner lam inations.
Compounding th is  e ffe c t  is  th e  fa c t  th a t  th e re  is  r e la tiv e ly  more to o th  iron a t  th e  a irgap  a t  g re a te r  ra d ii. This reduces C a r te r 's  c o e ffic ie n t, or th e  e ffe c tiv e  airgap . a t  g re a te r  ra d ii, so th a t  average flu x  d en sity  acro ss th e  airgap  will tend to  be s lig h t ly  g r e a te r  a t  g re a te r  r a d ii. So th e flu x  d en sity , around th e outer lam inations of th e  cores, will be increased s t i l l  more, r e la t iv e  to  th e  flu x  d en sity  around th e  inner lam inations.
Another e ffe c t  of th e  geometry is  to  change flu x  d e n sitie s  in th e  te e th . If th e  s lo ts  are uniform, th e  stems of th e  te e th  tak e  up a sm aller proportion of th e  space a t  th e  inner rad iu s than a t  th e  ou ter. So i f  uniform flu x  d e n sitie s  are  assumed in th e  airgap , th e  flu x  d e n sity  in th e  te e th  w ill be higher a t  th e  inner rad iu s than a t  th e  ou ter rad iu s.
The cores, then, can be expected to  s a tu r a te  a t  th e  inner to oth  stems and/or th e  outer back iron. J u s t  how th is  ta k e s place will be determined by th e  core dimensions.
5.4 Saturation in E le ctric  Motors
S a tu ra tio n  has long been recognised as a major lim iting fa c to r  in th e  performance of e le c tr ic a l machines. In the 1930's. Westin­ghouse conducted an exten sive research program in to  s a tu ra tio n  in
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a lt e r n a t o r s . K ilgo re 's  paper is  one of se v e ra l coming from t h a t  program ^. He is  f a ir ly  em pirical in h is  approach, p re se n tin g  a lo t  of experim ental d a ta  and u sin g  " s a tu r a t io n  fa c t o r s "  to  modify th e  im p ortant c o n s ta n ts . For example, a f t e r  considering th e  m.m.f. dropped in th e  iron, he a r r iv e s  a t  an eq u ivalen t (increased) a irg a p . The approach does not consider th e  m agnetic c ir c u it  in much d e ta il  and works from a m agn etisation  curve (vo ltage  vs cu rren t) r a th e r  th an  a B-H curve. This method is  followed, with v a r ia tio n s , by se v e ra l 
in v e stig a to rs4 2 -4 4 , O thers expand t h is  to  work w ithin gen eralised  machine theory45-46. The method has been su c c e s s fu l in both stea d y  s t a t e  and tr a n s ie n t  a p p lic a tio n s .
However, fo r  t h is  a p p lica tio n  a method is  required which w ill p r e d ic t  th e  machine's perform ance u sin g th e  B-H curve. An in te r e s t in g  approach was su gg ested  by Slemon47, He moves s t r a ig h t  to  th e  m agnetic c ir c u it  and so lv es i t  u sin g  a network a n a ly se r . He accoun ts fo r  n o n -lin e a r ity  by u sin g an i t e r a t iv e  so lu tio n  and claims t h a t  two or th r e e  rounds of adjustm ent a re  u su a lly  s u ff ic ie n t  fo r  a good approxim ation. By t h is  method he is  able to  account fo r  both fundam ental and harmonic v a r ia b le s , whereas none of th e  papers mentioned e a r lie r  p r e d ic t  th e  harmonics. The method re q u ire s  a l l  th e  elem ents of th e  m agnetic c ir c u it  to  be lumped, and so i t  would use a co n sid erab le  number of cores to  approxim ate a d is tr ib u te d  system  lik e  a motor. The com plications would be fu r th e r  in creased  in th e  p re se n t case  where th e  eq u ivalen t m agnetic c ir c u it  must a lso  accou n t fo r  v a r ia t io n s  along th e  ra d iu s . N everth eless, th e re  is  some s im ila r ity  between t h is  method and th e  one used in t h is  th e s is .
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The f in it e  element technique has achieved in creasin g promenance in re ce n t y e a rs . I t  has proven most u se fu l in problems which are e s s e n tia lly  two-dimensional48-50 and can be used to  analyse th e  complete machine or combined with a n a ly tic a l equations where th a t  is  d esiredSl. However, i t  is  severe in i t s  requirem ents fo r computing power, and t h is  would be esp ecially  so in th e  case of th e d isc  machine which is  e s s e n tia lly  a three-dim ensional problem.
One may perhaps mention, in p assin g, th e " f in it e  d iffere n ce" 
m ethod^, which had been th e  p referred numerical method u n til th e advent of th e f in it e  element method.
The more tr a d it io n a l Fourier techniques, used e a r lie r , w ill be used again here. They are e a sier to  apply and provide r e s u lts  which can be more e a sily  te s te d  in th e  lab o rato ry . I t  is  f e lt  th a t  th ese  reasons, and th e  fa c t  th a t  th e  machine has not been analysed before, d ic ta te  t h is  decision.
5.5 Sim plifying Assumptions
There are two assum ptions required to  make th e a x ia l flu x  machine amenable to  Fourier a n a ly s is . F ir s t ly , th e  e ffe c t  of to oth  rip p le  w ill be ignored, allowing us to  "smear" or average the to oth  iron around th e  circum ference. At th e same time, th e s lo ts  are a lso  averaged and we may ta lk  of an average cu rren t d en sity  a t  any point around th e  machine.
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Secondly, i t  is  assumed t h a t  a l l  flu x  p ath s are  a t  a con stan t ra d iu s from th e  machine's a x is . This is  suggested by th e  con stru ctio n  of th e  cores, th e  s t r ip  being wound onto a c irc u la r  former and a t  a ra d iu s which is  e s s e n tia lly  con stan t over a pole p itch . Even so. th e re  must be some re se rv a tio n s  about t h is . A ra d ia l component of magnetic fie ld  will be esta b lish ed , d irected  away from th e  areas of s a tu r a tio n , th a t  is , away from th e inner te e th  and th e  outer back iron. Flux crossin g th e  lam inations will be considered in Appendix M. but c e rta in ly , main flu x  will s ta y  a t  con stan t rad iu s. Also, a t  th e a irg a p . th e  flu x  is  not constrained by the lam inations. However, th e a irgap  is  so small, compared to  th e  ra d ii, th a t  we may reasonably expect th e  flu x  to  flow nearly d ir e c tly  acro ss.
5.6 M.M.F. From a Winding
S ta to r  cu rren t runs ra d ia lly  acro ss th e  face  of th e s ta to r , to  a depth equal to  th e  length of th e  s t a t o r  te e th . Current d en sity  is  a smooth function  of rad iu s and angular displacement. Conservation of e le c tr ic  charge implies th a t  i t  must be in versely  proportional to  th e  length of th e rad iu s, and may be represented by
J( r .q m) = Jg(cim)
The t o t a l  cu rren t passin g through th e increm ental angle dccm is
dltaro) = J(r.am)rTsdam
- Jgh r̂oVTsdoimObviously dlCofnn) is  independent of rad iu s. I t  is  a lso  th e  element of m.m.f. con trib u ted  by th e  cu rren t flowing in th e  small angle dofjn.
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So t h e  m.m.f. g e n e r a te d  by t h e  c u r r e n t  is  th e  same alo n g th e  whole le n g th  of t h e  c o n d u c to rs  from th e  in n e r  t o  t h e  o u te r  r a d i i , and t h i s  m.m.f, w ill be s im ila r  t o  th e  m.m.f. from a w inding in a c o n v e n tio n a l m otor. T h is i s  a w ell-known c a lc u la t io n  and is  rep ro d u ced , in th e  form t o  be used h ere  in Appendix G.
5.7 M achine M a g n e tic  C ir c u i t
F ig . 5.5 M otor Viewed a) P e r p e n d ic u la r  t o  P la n e  of A ir g a p  and b) Along P la n e  o f A irg a p .
We c o n s id e r  c u r r e n t  t o  flow r a d ia l ly  a c r o s s  each co re  and ta k e  t h e  c lo s e d  p a th  c o n ta in in g  th e  in cre m e n ta l a n g le  dorm = r a d ia n s . The whole p a th  is  a t  a c o n s t a n t  r a d iu s , r . from th e  a x is  of th e  m achine. I t  is  assum ed t h a t  m.m.f. is  dropped a c r o s s
i .  th e  a ir g a p
i i .  th e  t e e t h , b o th  s t a t o r  and r o t o r , in t h e  z - d ir e c t io n
i i i .  th e  yoke of b o th  s t a t o r  and r o t o r , in  th e  c ir c u m fe r e n tia l d ir e c t io n .
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I t  is  assum ed t h a t  no m.m.f, is  dropped by f lu x  in th e  back iro n , moving in th e  z - d ir e c t io n . T h is is  e a s i ly  j u s t i f i e d  by loo k in g  a t  F ig . 5.6 which shows t h e  e x p e cte d  f lu x  p a t h s . F lux in t h e  yoke t r a v e l s  m o stly  in t h e  z - d ir e c t io n  a t  (a) in F ig . 5.6, B u t t h e r e  is  o b v io u s ly  much more iro n  in th e  yoke t o  c a r r y  t h i s  so t h e  m.m.f. dropped in th e  t e e t h  w ill f a r  outw eigh t h a t  in c u r r e d  by c a r r y in g  f lu x  in  th e  z - d ir e c t io n  in th e  yoke. And i f  we look a t  th e  a r e a  where t h e  yoke is  m ost s a t u r a t e d , (b). we fin d  t h a t  th e r e  is  l i t t l e  or no f lu x  t r a v e l l i n g  in th e  z - d ir e c t io n  a t  a l l .  So a g a in , th e r e  is  no a p p r e c ia b le  m.m.f, drop due t o  f lu x  in th e  yoke t r a v e l l i n g  in th e  z - d ir e c t io n .
'S Y 7 7  V
Fig. 5.6 Flux P a tte r n  in Laminations
A t any p o in t in  th e  (r, Bm) p la n e , i t  is  assum ed t h a t  f lu x  is  ev e n ly  d is t r ib u t e d  a c r o s s  t h e  yoke, on t h e  g ro u n d s t h a t  f lu x  w ill be d is t r ib u t e d  in  su ch  a way a s  t o  m inim ise i t s  s to r e d  e n e rg y . T his w ill be q u it e  a c c u r a t e  where t h e  f lu x  d e n s ity  is  h ig h , b u t le s s  so  a t  low f lu x  d e n s it ie s . However, b e ca u se  of th e  sh ap e of t h e  B-H c u rv e , t h e  b e h a v io u r  o f t h e  f lu x  in t h e  iro n  is  n o t im p o rta n t a tlow f lu x  d e n s it ie s .
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5.8 Main M.M.F. Equation
The m.m.f. dropped around th e  in c re m e n ta l p a th  of Fig.5.5 isaFg8ofe dote - 9Fr tg-d a e  = rr-CBci(r.am + dam) -  Bg(r. arn )) aofe “ 0 - -+Ts (H-̂ s Cr. oCm + dam) -  Ĥ -S (r. o£m))+Tr (H^r Cr. Pm + dam) -  H-j-r Cr. am))
-H s ( r .a m + ^darrOrdccm+Hr (r.otm + ~dam)rdam (5.1)The re la tio n s h ip  between am and ae is
ae = pam
and t h is  allows th e  elim ination of <%• Then as dae becomes van ishin gly  sm all, we have 3FS 9Fr Cg 3Ba(r.ae) 3Ht s ( r .a e ) ' " + Ts9ae 9ae 9oieaH^r ( r ,a e ) r 8a,+T> 8a, -  ^H s(r. ae)+^H r(r.ae) (5.2)This equation can be in te g ra te d  with re sp e ct to  a e. Because none of th e  v a ria b le s  w ill have a d.c. component, th e  in te g r a ls  may be l e f t  in in d e fin ite  form, and th e  co n sta n t of in te g ra tio n  w ill be zero.
Fs -  Fr = ¿ -̂Bg + TsHts + Tr^tr ~ P ! ~ Hr)dae (5.3)I t  should be understood t h a t  th e  v a r ia b le s  on th e  le f t  hand side of equation (5.3) a re  fu n ctio n s of ae and time only, whereas th e  v a r ia b le s  on th e  r ig h t  hand sid e  of th e  equation are  fu n ctio n s of r ,a e and time. .
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The te e th  are  of uniform th ick n ess along th e stem and Ĥ -s and H^r  are  taken to  be uniform along th e length of th e  stem. also . But t h is  implies th a t  no flu x  leaks out of th e  stems to  cross th e  s lo ts  and may not seem ju s tif ie d  in view of th e  well-known phenomenon of s lo t  leakage. However, i t  will be found to  give a very good approxim ation, and th e  reason lie s  in th e shape of th e  B-H curve fo r  e le c tr ic a l  s te e ls . S lo t leakage in th e  re a l machine will s lig h t ly  reduce th e  m.m.f. dropped along th e  te e th , but a very small increase in flu x  d en sity , in th e  model, will s u ffic e  to  r a is e  th e m.m.f. drop very qu ickly . Thus flu x  through th e te e th  will be underestim ated but only very s lig h t ly .
5.9 Flux and M.M.F. Waves
A m ultiphase winding s e ts  up a main m.m.f. wave which r o ta te s  a t  synchronous speed and t h is  brin gs in to  being a main flu x  wave which a lso  r o ta te s  a t  synchronous speed. If a machine is  going in to  s a tu r a tio n  in a p a r tic u la r  region, then th e  flu x  wave will be d is to r te d  and w ill tend to  be fla t-to p p e d  in th a t  region. So th e  r e s u lta n t  flu x  waveform will have a ce rta in  harmonic content and a ll  th e se  harmonics must tr a v e l a t  th e same speed as th e ir  fundamental, t h a t  is , a t  synchronous speed. If  th e winding is  non-ideal, th ese  harmonic flu xes w ill link with i t  and produce harmonic vo lta ge s and p o ssib ly  cu rre n ts . I t  is  with th e se  waves, fundamental and harmonics, th a t  th e  a n a ly s is  is  mainly concerned.
A completely d iffe r e n t s e t  of m.m.f. waves is  s e t  up by fundam ental cu rren t in a non-ideal winding, tr a v e llin g  a t  subm ultiples
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of synchronous speed53. and, i f  th ere  are harmonic cu rren ts, other waves can be se t up ro ta tin g  fa s t e r  than synchronous speed. These m.m.f. waves s e t up corresponding flu x  waves which produce a small v o ltage  in th e  windings. In a lumped parameter model, these waves are u su ally  represented by b e lt leakage rea ctan ce- an approximation which ignores both th e power lo s t  in them and the in teractio n  between waves in areas of sa tu ra tio n . They will be mentioned again in Section 5.11.
5.10 Waves and Phasors
Any of th e component waves, tra v e llin g  a t  synchronous speed, may be represented in general form by uv where
UyCr. tfe. t) = Ui»x(r)cos(vcce -  i'wt) + UyysinCvoie -  vut) (5.4)
The amplitude and phase of the wave may vary with rad ius, but a t any given rad iu s, we will have a steady wave. At any point (r^.o:pj), th e value of th e wave, U y .  is  a sinusoidal function of time.
Uy(r^. ae ,̂ t)  = (Uyv(r) cos vofe  ̂ + Uyy(r) sin va:ej ) cos vut •
-CUyy(r) cos vae  ̂ -  Uyv(r)i'«ep  sin vwt (5.5)So th is  value, a t  oce )̂ can be represented by th e time phasor
Uyx(r) cos + Uyy(r) sin + j(Uyy(r)cos -Uyx(r)sinyc(e|)
= (cos vofel -  j sin vaeiXUyx(r) + iUyy(r))
= (Uyv(r) + iUyy (r))= e“ ^ U y ( r ) (5.6)
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Uv(r) is  a phasor whose re a l and imaginary p a r ts  are indicated by th e  s u b s c r ip ts  x and y re sp e ctiv e ly . As we look a t  th e  wave a t  d iffe r e n t p o in ts around th e  machine, th e  phasor rep resen tin g  i t  is  p ro g re ssiv e ly  retard ed  according to  th e  fa c to r  e
The in te g r a ls  and d iffe r e n t ia ls  of wave q u a n titie s  tr a v e llin g  around th e  machine, are themselves waves tr a v e llin g  around th e machine. If a given wave is  to  be d iffe re n tia te d  with re sp e ct to  angular displacem ent. ae , then we have
———Uy = —— f Uyx(r) cos (vae -  vut) + Uyy(r) sin (vae -  ru t) joGfg Bcfg “= v j (UyyCr) cos vae -  UyxCr) sin  vae) cos yut + (Uyy(r) sin  vae + Uyv(r) cos yoie) sin  yut
(5.7)C learly  t h is  corresponds with a phasor
v [Uy v(r) cos yofe -  Uyx(r) sin  vae. -  j(Uyy(r) sin  vae + Uyx(r) cos vae) j
= -jy e “ ŷci*(UyX(r) + iUyy(r)) (5.8)That is . th e  phasor corresponding to  th e  space (ae ) d iffe r e n tia l of a wave, is  -  jy times th e  phasor corresponding to  th e  o rig in a l wave.In sim ilar fashion , i t  can be shown th a t  th e  phasor corresponding to  th e  space in te g r a l of a wave is  found by dividing th e  phasor of th e  o r ig in a l wave by -  jy.
5.11 Some Remarks on Leakage Reactance
Before beginning a proper a n a ly s is  of th e  machine, i t  is  necessary to  consider th e  variou s sources of leakage reactan ce . I t  is  im portant to  e s ta b lis h  th e  le v e ls  of flu x  d en sity  in th e  variou s p a r ts  of th e
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machine, and some leakage fluxes tr a v e l around various p a rts  of the cores, th u s con trib u tin g  to  th e ir  s a tu ra tio n , whereas others are e n tire ly  outside th e cores, or are f ic t it io u s .
Alger^4 l i s t s  eigh t sources of leakage reactan ce
a. Primary s lo t  reactan ce
b. Secondary s lo t  reactan ce 
a  Zigzag leakage reactan ce
d. Reactance due to  skew
e. B elt leakage reactan ce
f .  Coil end leakage reactan ce
g. Incremental reactan ce
h. P erip heral leakage reactan ce
B elt leakage reactan ce is  th e reactan ce due to  th e waves, mentioned in Section 5.9. tr a v e llin g  a t  speeds other than synchronous. The flu x  asso cia ted  with th ese waves passes around th e magnetic cores, but th e ir  treatm ent g re a tly  complicates th e  mathematics and th e ir  e ffe c t  is  small. They will be represented by an extern al leakage reactan ce, calcu lated  in Appendix H.
The increm ental reactan ce is  "th e  ad d ition al reactan ce th a t  e x is ts  a t  fu ll  speed, above th a t  a t  s ta n d s t i l l , due to  decreased magnetic s a tu ra tio n  of th e  tooth t ip s , and to  th e re d istr ib u tio n  of secondary
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cu rren t t h a t  occurs as s lip  frequency d ecreases". I t  is  predicted by th e  following magnetic c ir c u it  a n a ly s is  as shown in equation 5,27. sectio n  5.15.
The p erip h eral leakage flu x  leaks from pole to  pole around th e  airgap . I t  is  very small in a machine with a small a irgap  and i t  w ill be ignored. In p rin cip le , i t  could be included with th e  zigzag leakage.
The re a cta n ce  due to  skew is  not r e a lly  due to  an id e n tifia b le  leakage flu x , but th e  r e s u lt  of a small misalignment between s t a t o r  and ro to r , produced by th e  skew. I t s  e ffe c ts  will be added in th e  form of an extern al, lumped, reactan ce, in both s t a t o r  and ro to r  c ir c u its .
Coil end leakage is  due to  flu x  which lin k s only th e  coil ends and does not pass through any iron. So i t  a lso  will be added as an e x te rn a l lumped reactan ce.
These fiv e  rea ctan ces will be ignored in th e  treatm ent of th e  m agnetic cores. S lo t and zigzag leakage will be predicted , th e  la t t e r  being modelled by a flu x  which p asses around th e airgap .
5.12 Machine M.M.F. Equations
A small sectio n  of th e  machine is  represented in Fig. 5,7. The main flu x  loop is  shown as in Section 5.7, Fig. 5.5. Also shown in Fig. 5.7 a re  loops fo r  leakage flu x  acro ss both s t a t o r  and ro to r  te e th  and zigzag flu x  along e ith e r sid e of th e  airgap .
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By a s im ila r  p ro c e s s  t o  t h a t  used in S e ctio n  5.8. d i f f e r e n t i a l  e q u a tio n s  can be d e riv e d  fo r  each of th e  f iv e  loops shown. The f i r s t  one h a s  a lr e a d y  been d e riv e d .9Fs 3Fr C(? aB(? , m aHt s  . 9Ht r  r 1T , r 1T+ T s —  + ------b Hs + b Hr3a 8a, 0̂ 3a( 8a, 0a, (5.2)For th e  sm all loop w ith in  th e  s t a t o r ,  and in c lu d in g  a f r a c t io n , r . of th e  s t a t o r  s lo t srj^ g . = rTs 8” t s  _  r Hs + Ns«; •Bi pg( r) (5.9)0a e ' 0ae P "^  ’ 27tr P^o Ns and Ws a r e  th e  number and w idth of th e  s t a t o r  s lo t s ,  r e s p e c t iv e ly . Bjps (r) is  th e  e f f e c t iv e  prim ary s lo t  le a k a g e  f lu x  d e n s ity  a t  a d is ta n c e  rT s from th e  bottom  of th e  s lo t . This le a k a g e  f lu x  must p a s s  alon g a c ir c u m fe r e n tia l  d is t a n c e  of g d a e in F ig . 5.7. b u t only th e  f r a c t io nNsWg2;ir o f t h a t  d is t a n c e  is  in  fr e e  a i r .  S im ila r ly , fo r  th e  loon whichp a s s e s  from th e  s t a t o r  yoke, c r o s s e s  th e  a ir g a p  and lin k s  a f r a c t io n . 8, of t h e  r o t o r  t e e t h , we have3Fs - g i f T  _  Ta + 6Tr 3Ht r3a 3 ofe ^0 ciae _ r 3oc, 00!,l  r, . NrWr r „ .p Hs + P ^ Bcr (5,10)
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To be q u ite  co rre ct, th e  m.m.f. dropped in th e  te e th  should be w ritten  as th e  in te g r a l, fo r  th e  s t a t o r
Ht o (r)Ts dr J l  ^The leakage out of th e  te e th  acro ss th e  s lo ts  leads to  a s lig h t  . v a r ia tio n  in flu x  d en sity  along th e  te e th . This is  to  be ignored in th e  in te r e s t  of a simDlified treatm ent.
There would a lso  be a leakage path along th e  s lo ts , p a ra lle lto  th e  te e th . Flux would go a ll  or some length of th e s lo t  fromth e  bottom to  th e  airgap . I t  is  ignored here, but i t  may not bein s ig n ific a n t when th e  te e th  are in sa tu ra tio n . The amount of flu xleaking in t h is  way would be th a t  leaking acro ss an airgap  of Ts(or Tr ) and a cross section  of ^dr. a t  th e  Doint (r.ote) with27tr P 'a m.m.f. of TSH^S
The leakage path fo r zigzag flu x  can be represented as two p a th s of equal re lu ctan ce , one on each side of th e  a irgap . (This is  tr e a te d  in more d e ta il in Appendix I.) If  th e  m.m.f. dropped by th is  flu x  is  Fzs and Fzr on th e  s t a t o r  and ro to r  sid es, re sp e ctiv e ly , then 8Fs _ To 8Ht s  _  r Ho 3Fzs 8ae 3ae P 8 ae (5.11)and
9Fr m 3H-̂ r Ftt aFzr 
= Tr t z — + i^nr - (5,12)8cfe 8cig P 8o(g A ll th e  tim e-varyin g q u a n titie s  can be sep arated in to  a s e t  of harmonic ph asors, each phasor rep resen tin g  a wave tr a v e llin g  a t  synchronous speed. The operator will be replaced by -  iv in each equation, fo r  th e  v th  harmonic, producing a s e t  of harmonic
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phasor equations from each of equations C5.2) and (5.9) to  (5.12)
Fsv *~Frv = u~-Bgy + TsH-tsy +TrHt.r v “  p£(Hsv -H rv) (5.13)
r ¥ s l , = rTsH tsv " § j Hsv + (5*14)
Fsy -  SFry = j^Bgy + Ts Ht s y + $Tr Ht r y -  ^ H sv  + ^ ; ~ E8rv(d) (5-15)
Fsv = TsHtsv ” p^Hsv +Fzsv (5.16)
-F ry = TrH-j-r y + jj -̂Hrv -  Fzrv (5.17)A ll phasor q u a n titie s  have been changed to  bold face ca p ita l symbols. The su b scrip t, v. in d icates th e order of th e harmonic phasor. as before.
5.13 C on tin u ity  Equations
In Sections 5.15 and 5.16, th e leakage fluxes will be calcu lated , and t h is  will allow fo r  flu x  leaking out th e sides of th e te e th  to  cross th e  s lo ts . For th e present purposes, i t  is  assumed th a t  s lo t  leakage flu x  can be lumped to geth er with zigzag leakage flu x and allowed along a circum ferential leakage path from the ends of th e  te e th . These lumped leakage fluxes are 4>qs  and <t>Br and th e r e s u ltin g  model of a small element of the machine is  sketched in Fig. 5.8. The width of th e element is  and th e depth, in to  thepage, is  dr.
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Fig. 5.8 Small Section of Machine with Leakage P ath s
C on tin u ity  of flu x  is  required a t  each of th e  four sectio n s, numbered (1) to  (4), leading to  four co n tin u ity  equations.
Section (1) Rotor Yoke
p
1 , rdete , 0
Lr CBr Cr.o:e + dae) -  Br(r, tfeDdr + Bter^r - + ^doce)—'¿ ~ d r  = 0i~. -
. 3Br r^ n Lr + p B ter ‘ 0 (5.18)
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Section (2) Sta to r Yoke
Ls S - § Bt e s = ° (5.19)
Section (3) End of Rotor Teeth
(Bte r   ̂ prdcfedri.e. 9ae3rr  9  ̂{¡ic
p̂ Bte r  _  Bg ) -  =°
dccedr = 0
(5,20)
Section (4) End of Sta to r Teeth
a2^0sp(Bg - B t e s ) 8öear - 0 (5.21)
Bte s  anc* Bt e r  are th e equivalent flu x  d e n sitie s  in the s ta to r  and ro to r  te e th , spread over both the iron and th e s lo t .









jyp W ß s v  
r  ar (5.25)
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Ls and Lr are  th e  depths of th e  s t a t o r  and ro to r  back iron.
5.14 Rotation of the Phasors
In equations (5,13) to  (5,17) and (5,22) to  (5.25), a j occurs in th e terms a sso cia te d  with a circum feren tial fie ld  or flu x  (except th e zigzag m.m.f.s Fzsy. FzryX The j can be eliminated by r o ta tin g  th e  phasors concerned through |  e le c tr ic a l rad ian s. The transform ation fo r  th e  i» th  harmonic is  .= e- j ^ Uy
or .. v£I „
jUy = -(-1 )^ U £The su p e rs cr ip t r  in d ica te s  th a t  th e  phasor has been ro ta te d  through e le c tr ic a l rad ian s in th e  p o sitiv e  oce d irectio n .If we define S(v) as th e  sign  function .
S(v) = (-1)’7",
then th e  phasor equations can be re -w ritte nCcrFsv -  Fry = ¿rrBgy + Ts Hts y  + Tr Htry  + S(v) ^ ( H L  -H E y)“ 0rFsv = rTs Htsv  + S(y)— Hgy -  S(y) NS” SP1' 3V 2 JIBVUq QSV rPy "*■  ZKVVUq
(5.26)
(5,27)Ccf
Fsy -  SFry = ujjBgy +TsHtsv + +TrHtrv +s(v)w  Hiv " s(v)5 ™ ™ T Birv (5) <5.28)Fsv = TsH^sy + S(y)^H gy + Fzsy_r_i»r py nry“ Fry = Tr Htry  -S(y)^-HEy - F ZrtBtery  ~ *r r B ry
(5.29)(5.30)(5.31)
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VDLs  y* 
®tesv ” r ®sv (5.32)
v d  ^ S r vberi» - B g V + S ( v )  r  3 p (5.33)
PV “ ®tesv + r 3r (5.34)
The tr u e  to oth  flu x  d e n sitie s  can be found by tak in g  the equivalent flu x  d e n sitie s  and m ultiplying by th e r a t io  of t o t a l  area to  to o th  area a t  rad iu s, r .
n _  2;ir ntrv  ‘  2jtr -  Nr wr  B^erw (5.35)p 2 k t  nts i' " 2 n r-N s Ws te s l' (5,36)
5.15 Slo t Leakage Flux
Equation (5.27) can be re -w ritte n  as below
= - rS(v)? f S r (Fsl' -  T s l W  + S " s v  (5. 27)The r ig h t  hand side may be considered as th ree  sep arate  terms. S lot leakage due so lely  to  s ta to r  cu rren t is  represented by th e f i r s t  term. I t  in creases uniformly from zero a t  th e bottom of th e  s lo t  (r=0) to  i t s  maximum a t  th e top of th e s lo t  0=1),
The second term is  n eglig ib le  a t  tooth flu x  d e n sitie s  below s a tu r a tio n , but when th e  te e th  s a tu r a te , i t s  e ffe c t  is  to  reduce th e leakage flu x  s e t up by th e  s t a t o r  cu rren t. This term corresponds to  A lger's increm ental reactan ce , mentioned in Section 5.11. I t  a lso
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in c r e a s e s  u n ifo rm ly  from zero  a t  th e  bottom  of t h e  s lo t  t o  i t s  maximum a t  t h e  to p .
The t h ir d  term  depends on s a t u r a t io n  in  t h e  yoke and i t  a ls o  r e d u c e s  t h e  le a k a g e  s e t  up by th e  s t a t o r  c u r r e n t . I t  does n o t in c lu d e  r , and so  is  uniform  from t h e  bottom  of t h e  s lo t  t o  t h e  to p . I f  i t  is  s i g n i f i c a n t ,  i t  fo r c e s  a ch an ge of d ir e c t io n  of s lo t  le a k a g e  somewhere in th e  r a n g e  0 < r  < 1 . a t  th e  p o in t  where th e  f i r s t  two te rm s e q u a l t h e  t h ir d . The fu n d am e n tal f lu x  p a t t e r n  is  s k e tc h e d  in F ig . 5.9.
I f  t h e  s t a t o r  yoke is  s a t u r a t i n g , t h e  f lu x  d e n s ity  wave in th e  yoke w ill be f la t - t o p p e d , ( ig n o rin g  o th e r  n o n - lin e a r it ie s ) , and th e  m a g n e tic  f ie ld  (H) wave w ill be p e ak y . In term s of th e  harm onic com ponents, t h i s  means t h a t  t h e  t h ir d  harm onic f lu x  w ill be in  th e  o p p o s ite  d ir e c t io n  t o  t h e  fu n d am e n tal f lu x , and th e  t h ir d  harm onic f ie ld  w ill be in t h e  same d ir e c t io n  a s  t h e  fu n d am en tal f ie ld  a t  t h e  p o in t  of g r e a t e s t  s a t u r a t io n . T h e re fo re  th e  t h ir d  harm onic s lo t
R o - t o r
S - t a t o r
Fig. 5.9 Fundamental Flux with S a tu r a tin g  S ta to r  Yoke
le a k a g e  f lu x  w ill be in  t h e  o p p o s ite  d ir e c t io n  t o  t h e  t h ir d  harm onic yoke f lu x .
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Fig. 5.10 Fundamental Plus Third Harmonic Fluxes
R o - t o r
S - t a - t o r
F ig . 5.10 shows t h e  d ir e c t io n s  of fu n d am en tal and t h ir d  harm onic f lu x e s . When th e s e  f lu x e s  a r e  combined, th e  r e s u lt in g  f lu x  p a t t e r n  is  t h a t  of F ig . 5.11. I t  shows f lu x  e s c a p in g , or le a k in g , in to  th e  s lo t s  from th e  s a t u r a t in g  re g io n  of th e  yoke. Common s e n se  would lead  u s t o  e x p e ct j u s t  t h a t .
The c o n tr ib u tio n  of s lo t  le a k a g e  t o  — ~  is‘ 3r
R o - t o r
S - t a - t o r
j „  B f ./ r W .a r
Ns Ws NS Ws 3 V (5,37)from e q u a tio n  (5.27).
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Sim ilar con sid eratio n s apply to  th e  ro to r  s lo t  leakage, and th ea4 r  .co n trib u tio n  of s lo t  leakage to  t o t a l  ro to r  leakage. . is
nmninTr~ S(t0 Hr wr  (FrV' + TrHtrl,) + 27iriigTrurNrWr rv (5.38)
The s lo ts  in an a x ia l flu x  machine are uniform. However, they a re  closed in a t  th e  tops to  re ta in  th e  co ils  and keep th e C a rte r  c o e ffic ie n t as low as possible. This small top section  allows an increased leakage flu x  d en sity . I t  is  tre a te d  in stand ard texts54, and is  amenable to  th e  approach used here, but i t  is  q u ite  a small e ffe c t  and th e  mathematics are  tediou s, so i t  will not be pursued any fu r th e r  here.
5.16 Zigzag Leakage Flux
Alger's54 treatm ent of zigzag leakage is  adapted to  th e a x ia l flu x  machine in Appendix I, where i t  is  shown th a t  th e  zigzag leakage path may be represented as an equivalent airgap  whose length isrcre-p — and whose cro ss section  is
t r ts ( tp  + t | ) d r  12Sr SsgThe s lo t  p itch e s are  Sr  and Ss and th e  breadth of th e  te e th  in th e  a irg a p  are  t r  and t s .  The increment in rad iu s is  dr.
H alf of t h is  cro ss section  can be a llo tte d  to  s t a t o r  leakage and h a lf  to  ro to r  leakage. So. i f  a s t a t o r  ziqzaq m.m.f. of daP isapplied over a circu m feren tial d ista n ce  of r ~ ^ .  then th e  increment
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in zigzag s t a t o r  flu x , over th e rad iu s increment dr, is dr ■ dr.
(5,39)d<£zs pnigtrts(t£  + tg)aFzs ,— — ri-r = —  ---------- ------ --------- drdr 24rSr Ssg dcceWhen t h is  equation has been converted to  phasor form, and Fzsro ta te d  through ^ e le c tr ic a l radions. the r e s u lt  is3*zsi- v>PU0t r t s ( t | + t | )3r -bU0 24rSr s s g zsvor 3$£ ypuQtrtsCt^ + t£)
^  =-S(v)----- -_T ---------------— Fzsv (5,40)3r 24rSr SsgFzsy can be eliminated by s u b s titu tin g  from equation (5.29). so th e s t a t o r  zigzag leakage flu x  is  given by^ z s y  u g t s t r ( t s + t r )^rH< yD üntrts(t£  + 1«)S(y)~— - ----- ~ (FSy -T sH t s v )dr 24Sr Ssg “ 3V ' 24rSr SsgBy a sim ilar process, ro to r  zigzag leakage is
3*zty = UQtstr(t| + t |)  _ ;.( /P*10tr ts (tr + tl)24Sr Ssg 24rSr Ss q (Fry +TrH-tni)
5.17 Total Leakage
The leakage flu xes of equations (5.33) and (5,34) are th e  sums of th e  s lo t  leakage and zigzag leakage fluxes on both sides of th e a irgap . So. adding th ese, we have, fo r th e s ta to r .
~3r~ = “ 0 
-  S(y)yptig
27irTg tr tß ( tp  + tg ) j ^NgWs 24Sr Ssg î
tlT<NsWs tr ts (t^ . + 1|)24rSs Srg (psy -T sH t s y ) (5,41)
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and fo r  th e  ro to r .
8r = ¿i0 27trTr + t r t s ( t r  + t s ) Nr Wr 24Sr Ss'? Hrry
-  SCy)yp.üQ
xTr tr ts C t^  + t | )  Nr Wr 24rSr Ss<? (Fry + TrH tpy) (5.42)
5.18 The Core into Rings
A ll th e  equations so fa r  derived apply to  phasors a t  any rad iu s, r . As r  v a r ie s , th e  phasors may vary both in amplitude and phase, so th e  complete so lu tion , even of t h is  system is  s t i l l  q u ite  complicated. However, i t  can be considerably fa c il it a t e d  by dividing th e  machine iron in to  sev era l concentric r in g s . For convenience, th e  width of each rin g , measured in th e  r -d ire c tio n . will be th e  same -  Ar, A ll fie ld  valu es will tak e  on an e x tra  su b scrip t, n, in d icatin g  th e rin g  under con sideration , and th ese  values are assumed to  be uniform a cro ss th e  rin g . Where th e  rad iu s occurs in th e equations, th e  mean fo r  each rin g  will be used, and will be denoted by r n .
Appendix G shows th a t  th e  flu x  in th e s t a t o r  te e th  of th e  n th  r in g . Btesyn- will support a v o lta ge  in th e  s t a t o r  winding of Vt>r\
, ,  j2ywNKswyrnAr ...
Vyn = ---------- p---------- Btesyn- (5«43)and s t a t o r  cu rren t fo r  th e  yth harmonic. Isl, provides a m.m.f. of
Fsy msNKswy*P Isy (5,44)In th e se  equations. N is  th e  number of tu rn s  per phase on th e  s t a t o r , Ks w  is  th e  winding fa c to r , fo r  th e  y th  space harmonic, of
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th e  s t a t o r  winding, and ms is  th e  number of phases in th e s ta to r  winding.
Sim ilarly, th e  flu x  in th e ro to r  te e th  of th e n th  ring will support a vo ltage  in th e ro to r  winding of Vryr)/ _ jZvu^KryyrnAr
vrvn " p Btervn
and the rotor current. I^y provides the rotor m.m.f.. Frv.
(5.45)
Frv =
mrN KrWw / Ttp l rv (5.46)The ro to r  cu rren t is  referred  to  th e s ta to r  by defining Irv, to  be
_ mrN Krwv >
~ ms NKswv ri"
(5.47)
and th e  ro to r vo ltage  is  referred  to  th e s ta to r  by defining V r i>T\ as Vrvn = NKswy N KrwyVVrvn (5.48)
The e le c tr ic  c ir c u it  of th e  ro to r  includes th e  ro to r re s is ta n ce  and th e  extern al leakage rea ctan ces -  reactan ce due to  skew, b e lt leakage, coil end leakage. The other leakage reactan ces (zigzag, s lo t , incremental) are  included in th e  magnetic c ir c u it , so i t  is  only th is  reduced ro to r  impedance which has to  be referred  to  th e s ta to r . The re fe rre d  value is
Rr + jvX? = Vrv 
In*msN^Kgyy Vpymr N^K r̂wv rv
msN2Kt !WV RmrM,2Krwi- " r  +1vXo)nlip (5.49)
-%
For a s q u ir r e l cage, th e  ro to r  r e s is ta n c e  fo r  th e  f i r s t  feu harmonics w ill be very much reduced compared to  th e  ro to r  r e s is ta n c e  fo r  th e fundam ental.
5.19 The Equivalent Transformer
An equivalent transform er can be defined as a sin gle  phase analogue to  th e  machine. If equations (5.44) and (5.47) are used to  find  th e  s t a t o r  and ro to r  m.m.f.s in terms of cu rren ts referred  to  th e  s t a t o r , then equation (5.26) can be re -w ritte n , using th e  phasors of th e  n th  rin g .mNKswv, Cntf
— j [p— (Isy -Irv) = l^ B g v n  +TsHtsvn + TrHtrvn
+ S(v)rn (H Ï™Dt' “ svn *rvn (5.50)
Equations (5.31) to  (5.34) give th e co n tin u ity  re la tio n sh ip s involving th e  main flu xes . I t  should be noted th a t  th e  ro to r  yoke flu x  has a n egativ e  sign  a sso cia ted  with i t  in equation (5.31) and a lso  t h a t  th e  corresponding fie ld  has a n egative sign in equation (5.50). So i t  should be understood th a t  ro to r  yoke flu x  in th e  equ ivalen t tran sform er is  defined to  be in th e  opposite d irectio n  to  th e  other main flu xes . These equations and equation (5,43) su ggest th e  tran sfo rm er of Fig. 5.12 fo r  th e  main flu x , ignoring leakage flu x  fo r  th e  moment.
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Fig. 5.12 Equivalent Transformer fo r  One Ring -  Main Flux
The param eters of th e  transform er are  
Number of tu r n s  in windings 
C ro ss se ctio n  a t  airgap  




C ro ss se ctio n  of r o to r  to o th  iron  
C ro ss se ctio n  of s t a t o r  yoke iron 
C ro ss se ctio n  of r o to r  yoke iron  
Length of airgap  
Length of s t a t o r  to o th  iron  
Length of r o to r  to o th  iron  
Length of s t a t o r  yoke iron  
Length of r o to r  yoke iron  
Primary cu rren t  
Secondary cu rren t














The C a r te r  c o e ffic ie n t. C. ta k e s on a su b scrip t, n. since i t  v a rie s  s lig h t ly  with rad iu s.
The n egative  length assigned to  th e  yoke iron, fo r  some harmonics, in d ica te s  th a t  th e  corresponding m.m.f. is  to  be su b tracted  ra th e r  than added in solving th e  c ir c u it . Sim ilarly, th e  negative areas assigned to  th e  yoke iron in d ica te  th a t  th e  fluxes are to  be su b tra cte d  when computing th e  t o t a l  flu x . This is  a r e s u lt  of th e  d is tr ib u te d  n atu re  of th e  machine.
Fig. 5.12 shows a core fo r  one rin g  only, but to  model th e  whole machine, a l l  r in g s  should be included and th e  windings must link them a ll .
There is  a d iff ic u lt y  in rep resen tin g  th e s lo t  leakage flu x  in t h is  lumped model. If equation (5.41) is  re -w ritte n  fo r th e n th  rin g , with th e  leakage flu x  calcu lated  over th e  width of th e  rin g , Ar. we have Ar  N tipvTs Ar  rnS(v) r*Fsvn = SCy)“ 0 "NsWs ...(~ ^ ~ Hpi' svn-fuV/ a p v T s A r ^  T „  r n S(v) rSC } 0 “ n^Ws “ (Fsv " TsHtsvn " " — " Hdv svn
-  3(v )uq p v A rtrts(tp  + t | )24rnsr Ssa (Fsv -  TsHtsl»n “ rnS(v) rpi' Hsvn^ (5.51)The m.m.f. terms in b rack e ts are  th ose which occur around th e  m agnetic c ir c u it  of Fig. 5.12. su gg estin g  t h a t  th ree  airgap s would rep resen t th e  s t a t o r  leakage, as sketched in Fig, 5.13,
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T e e t h
L 2 — "̂3
t t
M a  \ n 
F l u x
Fig. 5.13 S ta to r  Leakage P aths
A ir g a p LI r e p r e s e n t s  th e  f i r s t  term  on th e  r i g h t  hand s id e  of e q u a tio n  (5.51). If i t s  gap  le n g th  is  s e t  a t  NSWS. i t s  a re a  is  S(i')7ipi'Ts Ar
A irg a p  L2 h a s  th e  same dim ensions a s  LI and to g e t h e r  th e y  r e p r e s e n t  t h e  t o t a l  s t a t o r  s lo t  le a k a g e .
A irg a p  L3 r e p r e s e n ts  th e  t h ir d  (zigzag) term . Choice of a gaple n g th  is  a r b i t r a r y ,  b u t could be. s a y . g . Then th e  a re a  would bep v A rtr ts (t£  + to)S(iO-----—— — £— —^4rn SrSsThe p o s it io n  of LI c o n f l ic t s  w ith th e  assu m p tion  made in S e c tio n  5,13. t h a t  a l l  le a k a g e  f lu x  p a sse d  down th e  le n g th  of th e  t e e t h . The d if fe r e n c e  is  s l i g h t  and p o in ts  up th e  f a c t  t h a t  a d is t r ib u t e d  syste m  (th e  te e t h )  can only be ap proxim ated by a lumped model.
For th e  p u rp o se s  of an e q u iv a le n t c i r c u i t .  L2 and L3 can be combined.
R o to r  le a k a g e  is  modelled by a s im ila r  method.
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5.20 The Equivalent C ir c u it
To p r e d ic t  t h e  b e h a v io u r of th e  m achine, e q u a tio n s  (5,26) t o  (5,34) and (5.41) sh o u ld  be a d a p te d  t o  each r in g  and s o lv e d . The l a s t  s e c t io n  (S e ctio n  5,19) showed t h a t  th e  d is t r ib u t e d  n a t u r e  of t h e  m achine le a d s  t o  d i f f i c u l t i e s  when t r y in g  to  c o n s t r u c t  an e q u iv a le n t s in g le  p h a se  m a g n e tic  c i r c u i t  an a lo g u e . In t h i s  s e c t io n  an e q u iv a le n t e l e c t r i c  c i r c u i t  is  p rodu ced which does away w ith th e  n e g a t iv e  s ig n s  a t ta c h e d  t o  some le n g th s  and a r e a s  of th e  m ag n etic  c i r c u i t .  The c i r c u i t  is  u s e fu l  m ainly fo r  c o n c e p tu a l p u rp o se s  and n o t a s  a to o l fo r  s o lv in g  t h e  m achine.
The e q u iv a le n t e l e c t r i c  c i r c u i t  fo r  th e  m ag n etic  c i r c u i t  of oner in g  is  shown in F ig . 5.14, e x clu d in g  th e  r o t o r  co n n e ctio n .
Fig. 5.14 Equivalent C ir c u it  fo r  n th  Ring, v th  Harmonic
L eak age im pedance Zai,n co rre s p o n d s  t o  le a k a g e  a ir g a p  LI in  F ig . 5.13 and zbvn c o rre s p o n d s  t o  L2 and L3 combined.
Each s e c t io n  o f t h e  m achine p ro v id e s  an im pedance in t h is  c i r c u i t  and Table 5.1 l i s t s  th e  v o lt a g e  and c u r r e n t  in each , and th e  v a lu e  of t h e  im pedance. These e x p r e s s io n s  a r e  d e riv e d  from Appendix G.
TABLE 5.1: V o lta g e s , C u r r e n ts  and Im pedances fo r  Each M otor S e ctio nMotor
Section V oltage C u rre n t Impedance
S ta to r
Yoke j^ u N K sw v Ls ArBgyn s(y,)
s(i-)xrnH |vn 32ms v-uW2K^wl)Ls Ar E|\lr|
vms MKSWy -r n  Hrsyn
^syn
Rotor
j2msv k?N L £. ;?y L.r  i\r BpypjYoke -  j2y ̂ wNKsyy Lp ArB -̂y  ̂s(y )
-s(vw rnH ^ n
yms N?;3wy Ärn Hrryn
^rynS ta to rTeeth j2vuNKswv £j^£r^tsvn ! _ N_s Wj¿7Lrn Btí
JcPTsHf 3vnrns NKswy j2ms y{jNvKgWyr n Ar _ NSWS jîT »P2 ¿7ir'n ynHtsyïvn
RotorTeeth~tryn j2vuNKswvEl^£ 1 - K r«r Bt r
^ P T ^ H -^ p y -j^  i^ m s i  uJN K g ^ y F y -jA r  | N 3 W 3im n*sNKsuv JiTr P̂ -*r n . L’trynHtrrn
Airgap j2vwNKfíwy E l ^ B gyn?*gyn
ÄPCngBgyn msWhswi» ßo j2rn 3 y wN" r pi Arsv? y7 t C n g P *
The values of the leakage impedances Zav,n etc are derived in AppendixJ .
The e q u iv a le n t c i r c u i t  fo r  th e  com plete m achine is  sk e tch e d  in F ig . 5.15.
Fig. 5.15 Equivalent C ir c u it  -  v th  Harmonic
The in d u c ta n c e s  Lse  and L re a r e  th e  e x te r n a l le a k a g e  in d u c ta n c e s  -  c o il  end. b e lt  and r e a c ta n c e  due t o  skew.
Harm onics w ill be s e t  up in th e  m agn etic c i r c u i t  by m agn etic s a t u r a t io n , and a s q u ir r e l  cag e r o t o r  w ill respond q u ite  s tr o n g ly  t o  th e s e  h arm onics. And s in c e  th e y  r o t a t e  a t  syn ch ron o u s speed.
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a s q u ir r e l cage ro to r  will be able to  e x tr a c t u sefu l power from them. The power is  supplied from th e fundamental vo ltage and cu rre n t, even i f  th e s t a t o r  winding is  ideal, and tran sm itted  to  th e harmonic c ir c u its  via  th e  harmonic impedances of th e s a tu ra tin g  cores. (However, i f  th e  s t a t o r  winding is  ideal, th e harmonic c ir c u its  cannot be re ferred  to  th e s t a t o r  as is  done here).
5.21 Computed Results
. Appendix A gives th e computer flow diagrams required to  solve the machine equations. Each rin g  is  a magnetic c ir c u it  and expressions fo r  th e  dimensions of th e  r in g s  are  given in Section 5.19,
5.21.1 Features of the Solution
If one of th e  iron cross sectio n s is  much smaller than th e o th ers, i t  w ill be th e  section  which goes in to  sa tu ra tio n  while th e other se ctio n s remain in th e  lin e a r region. The flu x  wave in th a t  sectio n  w ill be fla t-to p p e d , which means th a t  when th e  wave, and th e  fundamental are a t  th e ir  maxima, th e  th ir d  harmonic is  a t  i t s  minimum.
Equation (5.32) in d icates th a t  th e th ir d  harmonic changes sign between th e  te e th  and th e  yoke while th e fundamental and f i f t h  harmonic re ta in  th e  same sign . So. i f  th e flu x  wave is  fla t-to p p e d  in one sectio n , i t  must be peaky in th e  other. In th is  manner, fundam entals la r g e r  than th e peak value of flu x  can pass through a
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small sectio n  of iron as long as the other section  is  large  enough to  accommodate th e  peaky wave.
The e ffe c t  is  le ss  pronounced when th e  s a tu ra tin g  section  is  th e  yoke. Equation (5.32) shows th a t  a th ir d  harmonic generated in th e  yoke becomes th ree  times as large  in th e  te e th  r e la tiv e  to  th e fundamental, and t h is  a lso  applies in th e airgap. by equation (5.34). That is , more th ir d  harmonic m.m.f. is  required to  carry  th e th ir d  harmonic flu x  acro ss th e  airgap.
If th e  two iron section s are equal or nearly equal, the th ir d  harmonic flu x  may disappear, A th ir d  harmonic which fla tte n e d  th e wave in one section  would make i t  peaky in th e other leading to  a g r e a tly  increased m.m.f. drop due to  th e shape of th e B-H curve. In t h is  case, i t  is  th e 5th harmonic which allows the wave to  be fla t-to p p e d  in both sectio n s.
These po ints are i llu s tr a te d  by th e  r e s u lts  obtained fo r a small motor.
-105-
5.21.2 M agnetisation of Motor
An a x ia l flu x  motor was simulated on no load, and ignoring iron lo sse s . I t s  b a sic  dimensions are  ta b u la te d .Inner rad iu s . r^ 50 mmOuter rad iu s . rg 80 mmDepth of core , Ts + Ls 30 mmNumber of s lo ts  , Ns 36Slo t cro ss sectio n  , TS XWS 96 2mmA ir gap , g 0.5 mmE le c tr ic  s te e l LY--CORE 220
The B-H curve of LY-CORE 220 appears in Appendix K. The ro to r  core was made id e n tic a l with th e  s t a t o r  core.
The r a t io  of e ffe c tiv e  pole area to  e ffe c tiv e  yoke area can be w ritten  down from th e  expressions in Section 5.19. and isrn NsWsv r  = —~~ (1 -  -= —=•). (5.52)
p L s  2 ^ r ^fo r  th e  fundamental. I t  can be equal to  u nity  a t  only one point a cro ss th e  machine and th a t  point is  determined bv th e choice ofWs and Ts. M agnetisation curves were p lo tte d  fo r  th ree  cases, (a) r = 1 a t  th e  inner rad iu s, (b) r = 1 a t  r  = 67 mm and (c) r = 1 a t  th e ou ter ra d iu s . They are  shown in Fig, 5.16.
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Fig. 5.16 Computed M agnetisation Curves
The f lu x  waves fo r  s t a t o r  yoke and s t a t o r  t e e t h  a re  shown fo r  each c a s e  a t  th e  extrem e p o in t of th e  m a g n e tis a tio n  c u rv e s , in F ig s . 5,17. 5.18 and 5.19.
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Fig. 5.18 Flux Waves fo r  Case (b): i) Teeth; ii) Yoke
Fig. 5.19 Flux Waves fo r  Case (c): i) Teeth; ii)  Yoke
In c a s e  Ca) th e  yoke is  s a t u r a t e d  in every  r in g . The f lu x  in t h e  t e e t h  shows th e  in v e r s io n  of th e  t h ir d  harm onic. In ca s e  (c) th e  t e e t h  a r e  s a t u r a t e d  in e v e ry  r in g  and th e  yoke f lu x  is  d i s t i n c t l y  p e ak y .
C a s e  (b). which g iv e s  th e  h ig h e s t  s t a t o r  v o lt a g e  f o r  a g iv e n  m a g n e tis in g  c u r r e n t , shows some o f th e  c h a r a c t e r i s t i c s  of th e  o th e rtwo c a s e s .
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Appendix L contains a comparison between th e  machine of case (b) and th e  equivalent conventional machine, and Appendix M provides th e  b a sis  fo r  extending th e  a n a ly s is  to  include flu x  leakage acro ss th e  lam inations.
5.22 Summary
A b r ie f survey is  given, of a x ia l flu x  machines, of variou s typ es, from th e  published lite r a tu r e . Then a d escrip tio n  is  given of th e p resen t a x ia l flu x  machine, and i t  is  pointed out th a t  i t  d iffe r s  e s s e n tia lly  from a l l  th e  machines mentioned above.
The phenomenon of magnetic sa tu ra tio n  is  uniquely im portant in t h is  machine, and another survey is  presented, of th e techniques which have been used to  rep resen t sa tu ra tio n  in machines. These techniques are  re je cte d  as too imprecise to  analyse th is  machine.
Then follows a d eta ile d  a n a ly sis  of th e  machine on th e assumption t h a t  r a d ia l flu x  can be ignored. I t  is  e s s e n tia lly  a magnetic c ir c u it  a n a ly s is  and uses th e tr a v e llin g  wave rep resen ta tio n  of an e le c tr ic  machine. The equivalent transform er and th e  equivalent e le c tr ic  c ir c u it  a re  both derived.
The r e s u lts  are given of some computations done on severa l design s of a x ia l flu x  machine.
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6. Chapter 6 -  The Composite Machine^
6.1 Introduction
The composite machine was mentioned in Chapter 1. Section 1.5. as a machine whose c h a r a c te r is t ic s  lay between th ose of two machines connected in s e r ie s  and two machines connected in p a r a lle l. The s in g le  phase analogue of th e  machine was analysed in Chapter 3 and t e s t  r e s u lt s  on t h is  analogue were rep orted in Chapter 4.
The machine must n e c e ssa rily  have a d is c  geometry, and Chapter 5 ad d resses th e  problems a sso cia te d  with t h is .
This ch ap ter provides an a n a ly s is  of th e  composite machine i t s e l f .
6.2 D escription of th e Machine
The major components of th e  machine are  represented in Fig.6.1 with th e  windings om itted. The ro to rs  are  on d iffe r e n t s h a fts  and may r o t a t e  independently. They are sim ilar to  th e  ro to r  of th e  machine examined in th e  la s t  chap ter.
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Fig. 6.1 Composite Motor -  Major Components
The s t a t o r  is  formed in a s im ila r  way t o  th e  s t a t o r  of t h e  s in g le  r o t o r  m achine e x ce p t t h a t  i t  h a s s l o t s  c u t  in each fa c e  a s  in F ig , 6,2,
The s l o t s  a r e  back t o  back a c r o s s  a narrow  neck of iro n .
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Fig. 6.3 S tr ip  of Punched S ta to r  Lamination
Two id e n t ic a l  p o ly p h a se  w in din gs a r e  mounted on th e  s t a t o r  and co n n e cted  in  s e r ie s  in  su ch  a way t h a t  s t a t o r  c u r r e n t  flow s in t h e  same d ir e c t io n  down any two b a c k -t o - b a c k  s lo t s .
6.3 Assumptions and D efin itio n s
As in C h a p te r  5. t h e r e  a r e  some a ssu m p tio n s  t o  be made which c o n s id e r a b ly  s im p lify  th e  a n a ly s is .
a . The t e e t h  and s l o t s  a r e  assum ed t o  be "sm ea red " or a v e r a g e d  arou nd  t h e  a ir g a p s
b . T here i s  no r a d i a l  f lu x  anyw here in t h e  m achine
c. The e f f e c t s  of n o n -s v n ch ro n o u s  waves can be modelled by lumped p a r a m e te r s  added a f t e r  th e  a n a ly s is  of t h e  sy n c h ro n o u s  w aves.The same a s su m p tio n s  were made fo r  t h e  s in g le  r o t o rm achine.
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There remains a group of m.m.f., flu x  d e n sity  (B). and fie ld  (H) waves, r o ta t in g  in d iffe r e n t p a r ts  of th e  machine, a t  synchronous speed. Each harmonic wave will be ch aracterized  by a number ofs u b s c r ip ts  whose meanings are  ta b u la te d  below. 
v order of harmonica.b sid e of machine, "A" sid e or "B" side.Each sid e has i t s  own ro to r ,s .r  s t a t o r  or ro to rt  te e th  of s t a t o r  or ro to r , as opposedto  th e  yokee e le c tr ic a l  (of an gular displacement)
e equ ivalen t Cof to o th  flu x  d en sityd is tr ib u te d  over whole face) •g a irg a p
6 leakage
Thus fo r  example, Hbrsy is  th e  v th  harmonic of th e  magnetic fie ld  in th e  "A" sid e s t a t o r  te e th . Sim ilarly , Brby is  th e  v th  harmonic of th e  flu x  d e n sity  in th e  "B" sid e ro to r  yoke.
As in Chapter 5. each wave will be rep resented as a phasor. and i t s  d e r iv a tiv e , with re sp e ct to  displacem ent in e le c tr ic a l rad ian s 
Ctfe). is  formed by m ultiplying by -  iv
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6.4 Leakage Fluxes
As in C h a p te r  5, we need only a c c o u n t f o r  s lo t  le a k a g e  and z ig z a g  le a k a g e , o th e r  le a k a g e  r e a c t a n c e s  b e in g  m odelled by e x te r n a l, lumped r e a c t a n c e s . The loop s which in c lu d e  t h e  le a k a g e  p a th s  a r e  r e p r e s e n te d  in F ig . 6.4.
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Fig. 6.4 M.M.F. P ath s fo r  Leakage Fluxes
S lo t  le a k a g e  f o r  t h e  "A " s id e  s t a t o r  t e e t h  is  g iv e n  by c o n s id e r in g  a p a th  which e n c lo s e s  th e  f r a c t i o n , r , o f th e  c o n d u c to rs  c a r r y in g  t h e  s t a t o r  c u r r e n t . The m.m.f. e q u a tio n  is  s im ila r  t o  e q u a tio n  (5.9).
3FS aHt s a  r TT . NsWs r r , .r ~ -  rTs~ ^:------ nHs + .^B^gaCr)3 <Xt 3c£g P :r r (6.1)The s l o t  le a k a g e  f lu x  d e n s it y  on t h e  "A " s id e  of th e  s t a t o r  is  Bf s a
The m.m.f. e q u a tio n  fo r  z ig z a g  le a k a g e  f lu x  on th e  s t a t o r  "A " s id e  is  s im ila r  t o  e q u a tio n  (5,1 1 )
aFs aHt s a  r u dFzsa3ae 3 dae p H s +  oae




These eq u ation s can be converted to  phasor equations and th eleak age flu x  can be ca lcu la te d . The leakage flu x  on th e  "A" sid eof th e  s t a t o r , from s lo t  leakage and zigzag leakage, in th e  small3 <hincrem ent of ra d iu s , dr. is  ^ ~ d r .  Sectio n s 5.15. 5.16 and 5.17 show t h a t  i t  is  given, in phasor form by equation (5,41).a$>IT* . , . .Isay  _  ! 2;trTs t r t s t t jr  ^ g )  j r3r ' _ u 0 Ns Ws + 24Sr S s g ! sv9 !. | 71 Ts t r t s i t p  + t | )  !-  S.v)i/pii0 | + 24rSr Ssg ¡(Fs  ̂ “ TsHtsa iP (6.3)The s u p e r s c r ip t  r  in d ic a te s , as before, t h a t  th e  phasor has been r o ta te d  forw ard through ^  e le c tr ic a l . The other symbols have th e  meaning assign ed  to  them in C hap ter 5. The ro to r  leakage flu x  on th e  "A" s id e  is  sim ilar to  th e  r o to r  leakage of equation (5.42).a$ira y | 2nrTr  t r t s (tjL + t | )
3r  ̂j 24SrSsg Hray! *Tr t r t s ( t d + t £ )  j-  S(v)vpii0 1 | (Fray + Tr Ht r a v ) (6.4)The leak ages on th e  "B" sid e  are  given by sim ilar exp ression s.
6 s b v t r t s i t p  + t£ )  -________  j 2 f l r T c _________ _
8r NsWs 24SrSsQ hLJiTs t r t s ( t £  + t l )  !+ S(l,)l'PU° | NsWs + ~ 24~r S r S s q -  |(F-  ~ TsHtsby>l ’ /a®lrbv j2 *rT r  t r t s ( t £ + t | ) j---------  = UQ J Tt~".. + ----7T77T~~----- --  ¡H8r Nr wr 24Sr s sq ! rby
^ . I nTr t r t s (tp + t | )  j+ S(l')VPa0\ N ^  + ^ -4rSrS s q  -  |(Prby + TrHtrb l,)
(6.5)
( 6.6)I f  th e  s t a t o r  and r o to r  c u r re n ts  and th e  m agnetic fie ld  s tre n g th ; a re  known, then eq u ation s (6,3) to  (6.6) g iv e  th e  leakage flu x e s .
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6.5 Main M agnetic C ir c u its
Ign orin g, now, th e  leakage p a th s , we may co n ce n trate  on th e  two 
main m agnetic c ir c u it s , i l lu s t r a t e d  in Fig, 6.5. The "A" side path  
p a sse s th e  length of th e  "A" sid e te e th  on both r o to r  and s t a t o r ,  
a lso  cr o ssin g  th e  a irg a p . I t  p a sse s  a circu m feren tial d ista n c e  of 
r p-- in both s t a t o r  and r o to r . The m.m.f. equation fo r  t h is  loop 
is  sim ilar to  equation (5.21.
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Fig. 6.5 Main Flux P ath s
9FS 3Fra Catfa 9®ga ^ t s a+ Ts3 cie 3 ae 3a< 3cie+ Tr  — - --Ho + -H ra r  da0 P ns + p nr a (6.7)
This equation can be converted to  a s e t  of phasor equations  
as in C h ap ter 5. Ca rfa £**
Fsy -  Fray = ~i]j~Bgay + T sH tsai, + Tr H tr a y ~ ,7p (Hsy -H ra y) (6.8) 
Sim ilarly , fo r  th e  "B" side.c b?b ^0_  ny-'Fcjl' ~ F r b y  = un B g b y  + T s H t s b y  + T r H t r b y  + ^ ö iH s y  “  H r b y J ^6.9)
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6.6 C o n tin u ity  Equations
The model t o  be u sed  h e re  is  s im ila r  t o  t h a t  used in S e c tio n5.13 and i l l u s t r a t e d  in F ig . 5.6. The c o rre s p o n d in g  model is  s k e tc h e d  in F ig . 6.6. As b e fo r e , th e  le a k a g e  f lu x e s  a r e  only th o s e  due t o  s l o t  and z ig z a g  le a k a g e . The d e p th , in  t h e  r a d ia l  d ir e c t io n , is  d r .
1
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Fig. 6.6 Model fo r  Flux C o n tin u ity
C o n t in u it y  of f lu x  is  re q u ire d  in each o f th e  s e c t io n s  numbered Cl) t o  (7). p r o v id in g  seven  c o n t in u it y  e q u a tio n s .S e ct io n  fl). S t a t o r  Yoke
LsCBsCr. cte + dtfe) -  BsCr. tfe))dr - ea; , . rdofe ,tr .c ie ^ —5— d r
+ Bt e b s ( r- = 0 (6.10)
In e q u a tio n  C6.10). Bt e a s  and B^ebs a r e  th e  e q u iv a le n t  s t a t o r  to o th  f lu x  d e n s i t ie s , s p re a d  o v e r b o th  t e e t h  and s l o t s .  They a r e  r e la t e d  t o  t h e  t r u e  f lu x  d e n s it ie s  in  t h e  t e e t h  by t h e  r a t i o  of to o th  a r e a  t o  t o t a l  a r e a .
Bt e a s  ~ j 1 " NsWs2;tr ( 6, 11)
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Then eauation (6.10) becomes3BS r L  NsWsP i/  2nr l.Bta s  Btb s  ; 0Section (2) "A" Side Rotor Yoke
(6.12)
Section (3) "B"
T 3Bra . r  i * NrWr L  _  n
Side Rotor Yoke (6.13)




2;ir Btb r  -  B"A" Side S ta to r  Teeth (6.14)
(Bga _ , rdfle j  - B teas^ p ^r d ^ ls a3ofe 3r dciedr = 0
NsWs ¿2^ßsaThat is I !.'1 '  Í * F  lBtas “ P Bga +Section (5) End of "A" Side Rotor Teeth = 0 (6.15)
rp Baa -  ü i 1 Nr Wr2^r !Bt a r 3oce3rSection (6) End of "B" Side S ta to r  Teeth (6.16)
r  i ..1 - Ns W< jBtb s  +J p Bgb p [ ¿KrSection (7) End of "B" Side Rotor Teeth
d2^lsb3ae3r = 0 (6.17)
r Í _ NrWr P i 2;nr 3jBtb r  pBgb + ia ^  -  0 (6.18)
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Equations (6,12) to  (6.18) can each be expressed as a s e t  of phasoraequations bv rep lacin g  r-2— with -  iv. The following equations r e s u lt  ' ‘ * ' 3ae - ' •
ivLs BSi/ + |  j 1 -  ~|” r  I ! Bta si' “ Btb sy j “ 0
jyLr Brav -  §  11 -  ^ ~ r  ÍBtari» -  0H LjIL .). , v~ i NrWr i „;n'Lr Brblf + p (  ̂ ~ ~2ñr~ jBtb ry ~ BNS WS
2k t •®tasy^Bgay -  |(1 -  
p Bgbv " “
Nr Wr2;trNsWs2xrNrWr2;rcr )Btb ry
§Bgav -  jy 
®tari' “ 31' 
)Btbsy " P  
pBgbv “
8<frj?say3r8(frlraydrd^lsby3r8̂ i?rby3r











6.7 R o tatio n  of Phasors
In equations (6,8). (6.9) and (6.19) to  (6,25). a i is  asso cia ted  witha l l  th e  phasors of fie ld s  or flu xes th a t  run circu m feren tia lly . Thesephasors may be ro ta te d  through ^  e le c tr ic a l bv th e technique of£ ‘ 'Section 5.14. and u sing th e  sign  fu n ction  S(y) = (-1)"**
Fsy -  Fray gaCa“ 0 Bgay + Ts Htsa y  + TrBtra y  + S(y)rrTfr  up lf1sy Bray 8 (6.26)
Fsy Frbl, ~ 9bc b^0 B g b y  + Ts Htsbli +Tr Htrb v -  - h L . . . )S(y)rrfir  _ yp yns\> “ rbySCvivLgBgy -  C 11 -  ^  ](Bta s l, - B tb s l,) = 0
S(vVLrB ^ai, + §  j 1 -  ^  )Bt a r l , = 0NrWr !





(6.31)r /4 NsW s^ r n .... , 9<I*£sav 0p ( 1  “ ~2Í F )Btasv  ~ p Rgav + bCiOv —  —  = 0r Nr WrpBgav p(l 2 7ir ®tan» + SCiOv»á<l>Fraydr = 0
r n Ns Ws N¥1 . ^ . . . „ ^ i s b y  _ np Bgbv p ^  2jir B̂tbsv + gr  “ B




These equations are th e main equations fo r th e machine along with equations (6,3) to  (6 .6 ) which give th e  leakage flu xes. When,in add ition , we req uire th a t  th e B-H curve be tra ce d  out in each iron sectio n , we have a complete sp e cifica tio n  for conditions in th e machine iron. If th e m.m.f.s generated by th e s t a t o r  and ro to r  cu rre n ts  are known, then a ll  th e other magnetic q u a n titie s  can be ca lcu la te d , a t  any given rad iu s.
6.8 E le ctric  C ircu it Q uantities
As in th e  case of th e  sin gle  ro to r  machine, th e  cores must be divided in to  se v e ra l th in , con cen tric rin g s of breadth Ar, fo r th e  so lu tio n . Several r e s u lts  from Appendix G and Chapter 5 are summarised here.
The s t a t o r  m.m.f, is  given bv s t a t o r  current.„  msNKswi'




The prime in d ica te s  u n -re ferred  q u a n titie s . The re fe rre d  ro to r  cu rren t is  defined as
T -  /ri msNKswv ry (6,371Any a x ia l flu x  in th e  n th  rin g , Bvri. induces a vo ltage , in th e s ta to r  winding, of „  j2v<jNKs w v rn Ar vsyn = --------- ñ ßyn (6.38)or in th e  ro to r  winding of j2vwN/Krwi,rnAr vri»n ~ D Byn (6,39)So th e  r o to r  v o lta g e  is  re fe rre d  to  th e  s t a t o r  bv„  NKswv vri'n = —  "rvn 




Z-r = /o omr N ‘'K'2swy <Lr- (6,41)rwy
6.9 The Equivalent Single Phase Magnetic C ircu it
Equations (6,26) and (6,27) su gg e st a s in g le  phase analogue fo r  each rin g  of th e  machine. Equation (6.3) shows th a t  th ere  should be two leakage p a th s on th e  "A" sid e  of th e  s t a t o r . The main leakage p ath  includes th e  primary winding, th e  te e th  and th e  s t a t o r  yoke. The flu x  around t h is  oath  is
-  S(i')ypAr/¿Q
tiTs  t r t s ( t r  + t s ) j‘  ̂ÑsW^ + 24rSr s s g j i Fsi' ^s^tsav S(y)r. .r  ! yp Hsy j
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The le s s e r  p a th  in c lu d e s  only th e  s t a t o r  yoke and th e  f lu x  around t h i s  p a th  is ShOvpArUg ftTs No Ws SCy}r„r vp Hsi<S im ila r  c o n s id e r a t io n s  ap p ly  t o  t h e  le a k a g e  f lu x  in th e  o th e r  s id e  of t h e  s t a t o r  and th e  two r o t o r s . The two p a th s  in p a r a l le l  w ith th e  s t a t o r  yoke can be combined in to  one
A l r g a p
(Red arro w s in d ic a t e  f lu x  d ir e c t io n  -  n o t c o n v e n tio n a l d ir e c t io n )
Fig. 6.7 Single Phase Equivalent fo r  One Ring
-12 2-
The param eters fo r  th e  c ir c u it  a re :-  Number of tu r n s  in windings C ro ss sectio n  a t  a irgap  C ro ss sectio n  of s t a t o r  to oth  iron C ro ss sectio n  of ro to r  to oth  iron Cross sectio n  of s t a t o r  yoke Cross sectio n  of ro to r  yoke Length of a irgap  -  "A" side Length of a irgap  -  "B" side Length of s t a t o r  to o th  iron Length of ro to r  to oth  iron Length of s t a t o r  yoke Lenath of ro to r  voke
NKSWV>2r„Ar
p2r„Ar( 1  _ 27irn N.W.p2rnAro (1 - 2 jir„2vLs Ar S(y) 2vLr Ar SCv)9a Can^b^bnTsTr
PirSCv)Primary cu rren t msls71DSecondary "A" cu rren t Mslra71DSecondary "B" cu rren t mslr bTipSecondary "A" r e s is ta n c e ^swi' R 2">rN1 2 K2w saSecondary "B" r e s is ta n c e msN^K|wymrN 1 2 Krwi- Sb
))
The r o to r  s lip s  are Sa and Sb . and the urireferred ro to r  r e s is ta n c e  is
As before, n eg ativ e  len gth s or cross se ctio n s in d ica te  th a t  th e  corresponding m agnetic fie ld  or flu x  d en sity  is  to  be su b tra cte d  when computing th e  waveforms as fu n ctio n s of time. The harmonic fie ld s
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and flu x e s must combine so th a t  a proper B-H curve is  described in each iron sectio n .
6.10 Approximate Equivalent C ir c u it
I t  is  of in te r e s t , conceptually to  observe th e  re la tio n sh ip  between th e equivalent of th e  sin gle  phase analogue, derived in Chapter 3. and th e  equivalent, per phase c ir c u it  for th e  composite motor. To th a t  end. an approximate equivalent c ir c u it  is  developed in th is  section .
Equations (6.35) to  (6,37) give th e s t a t o r  and ro to r  m.m.f.s in terms of s t a t o r  and ro to r cu rre n ts , referred  to  th e s ta to r . Thus, i f  equations (6.26) and (6.27) are divided bv rns^ swy th e le f t  hand■ ■ 71Dsid es appear as m agnetising cu rren t terms and the r ig h t  hand sides can be in te rp re te d  as s e ts  of cu rre n ts  in p a ra lle l branches. These cu rre n ts  are lis te d  in Table 6.1. Each one is  asso ciated  with a m.m.f. drop in a p a r tic u la r  p a rt of th e machine and th u s with a flu x  d e n sity , e ith e r  d ir e c tly , as fo r th e  a irg a p s , or by a sso cia tio n  with a m agnetic fie ld  term. Each flu x  d en sity  term can be asso cia ted  with a v o lta g e  by i t s  lin k s with th e s t a t o r  winding, fo r example by equation (6.38), Thus a "core impedance" may be defined fo r each p a r t of th e  machine and th e se  are given in Table 6.1. excluding leakage re a cta n ce s . The "core adm ittance" will be th e inverse of core impedance.
The flu x  co n tin u ity  equations (6,28) to  (6,34) can be w ritten  as (approximate) v o lta g e  equations. Because of th e d is tr ib u te d  n atu re
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of th e  s lo t s  and windings, not a l l  s lo t  leakage flu x  lin ks th e  windings, but th e  approximation is  very close. With th ese equations, an eq u ivalen t c ir c u it  can be derived fo r  each rin g  in th e  same manner as fo r  Fig. 5.14. and th e  equivalent c ir c u it  fo r th e whole machine is  then formed in th e  same way as Fig. 5.15. The machine eq u ivalen t c ir c u it  is  made considerably le ss  complicated and more illu m in atin g, i f  th e leakage rea ctan ces are removed from th e c ir c u its  fo r  each rin g  and included with th e  e xtern al leakage re a cta n ce s. Of course, t h is  is  an approximation.
Then, fo r  th e  n th  rin g , one vo ltage . Vaim. is  a sso cia ted  with th e "A" side flu x  and Vj3l>ri is  a sso cia te d  with th e  "B" side flu x . Equation (6.28) implies t h a t  s t a t o r  yoke terms are asso cia ted  with a v o lta ge  ofVavn-Vfcwjv Equations (6.26) and (6.27) can be re -w ritte n  approxim ately in term s of th ese  v o lta g e s , core adm ittances, and s t a t o r  and ro to r  c u rre n ts , om itting th e  s u b s c r ip ts  i» and n fo r  convenience,
J s -  Ira  = VaYga + VaY^sa + V aY tra  + (Va -  V^Ws + VaYra (6.42)
Is ~ Irb  = YbYgb + YbYts b  + vb Yt r a  ” Ŷa -  V^)Ys + V ^ Y ^  (6.43)
If Ypa is  defined as th e equivalent of th e  adm ittances Yga .Yts a -  Yt r a  anc* Yra  connected in p a r a lle l, then
Ypa = Yga + Y ts a  + Yt r a  + Yra (6.44)Sim ilarly Ypb = Ygb + Yts b  + Ytr b  + Yrb (6.45)Then equations (6.42) and (6.43) can be w ritten
Ima = Va(Ypa + Ys) -  VpYs (6.46)
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U = V b (Yp b + Y s ) -V a Y s (6-47)where Ima is  th e  m agnetising cu rren t Is - I r a  etc . These equations can be solved fo r  Va and Vb to  give
Va =[Ima(Ypb + 2Ys )-(Ima - I mbw s]/YY
-  ImaZma + ilma -  Imb ^ rns (6,48)Vb = U mb (Ypa +2Ys) + (Ima - I mb)Ys ]/YY“ *mbzmb “  “ *mb̂ Zms (6.49)where YY = Ypa Ypb +YpbYs +YsYpa (6.50)Zma =(Yph +2YS )/YY (6.51)zmb =(Ypa +2Ys )/YY (6.52)Zms = -Y S /YY (6,53)Equations (6.48) and (6.49) are sim ilar to  equations (3,26) and (3.27) and lead to  th e  same form of equivalent c ir c u it . Also equations (6.50) to  (6.53) are sim ilar to  equations (3.28) to  (3.30).
The v o lta g e  a t  th e  ro to r  is  th e  sum of the v o ltage s fo r each rin g . And each rin g  is  linked by th e  same s t a t o r  and ro to r  cu rre n ts , and th e re fo re , by th e  same m agnetising cu rre n ts . Therefore, th e motor may be modelled by se rie s  connections of th e  Zrna, zmjr, and Zms fo r  each rin g , as i l lu s tr a t e d  in Fig. 6 .8 .
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Fig. 6 .8  Equivalent C ir c u it  fo r  Motor Core
The c i r c u i t  is  an ap p ro xim atio n  b u t i t  i l l u s t r a t e s  th e  b a s ic  s im ila r i t y  betw een th e  m otor and t h e  tr a n s fo r m e r  of C h a p te r  3. When none o f t h e  s t a t o r  yoke is  s a t u r a t e d , a l l  th e  Zms a r e  v i r t u a l l y  s h o r t  c ir c u it e d , so  t h e  m otor p erfo rm s a s  two m achines in s e r ie s . When t h e  s t a t o r  yoke in th e  f i r s t  r in g  s a t u r a t e s  th e n  Zms  ̂ becomes la r g e  and t h e  m otor b e g in s  t o  behave le s s  a s  a s e r ie s  co n n e ctio n  and more a s  a p a r a l le l  co n n e ctio n . As th e  s t a t o r  yoke s a t u r a t e s  in  more r in g s , t h i s  p r o c e s s  c o n tin u e s  sm oothly.
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6.11 E ffe c t  of Teeth on th e  S ta to r  Yoke
A s e c t io n  of th e  s t a t o r  co re  la m in a tio n  a p p e a rs  in F ig . 6,9,
Fig. 6.9 S ta to r  Core Lamination
I t  h a s  been assum ed im p lic it ly  t h a t  th e  s t a t o r  yoke m ain tain ed  a c o n s t a n t  b r e a d th  a l l  th e  way around th e  m achine. O b vio u sly  t h i s  is  t r u e  only in  th e  neck betw een t h e  s l o t s .  For t h a t  le n g th  around t h e  yoke betw een th e  t e e t h , th e  f lu x  w ill be a b le  t o  sp re a d  o u t. and so drop  le s s  m.m.f. th a n  h a s  been assum ed, A r e a s o n a b le  c o r r e c t io n  is  t o  assum e t h a t  no m.m.f. is  dropped in th e  to o th  a r e a . Thus fo r  a g iv e n  f lu x  d e n s ity  in th e  yoke, th e  m.m.f. m ust be red u ced by th e  f a c t o r h s  W s
2;irThe e f f e c t  of t h i s  i s  t o  allow  a s l i g h t l y  g r e a t e r  f lu x  d e n s ity  in t h e  yoke. However th e  d if fe r e n c e  in p r a c t ic e  is  v e ry  s l i g h t  indeed, b e c a u se  of th e  v e ry  f l a t  sh ap e of th e  B-H cu rv e . I t s  e f f e c t  on computed r e s u l t s  is  only  i u s t  d e t e c t a b le , bein g  no g r e a t e r  th a n  i%.
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6.12 Leakage Across the Laminations
As fo r  th e  sin gle  sided a x ia l flu x  machine, th e v a ria tio n  in m agnetic fie ld  with rad iu s leads to  flu x  leaking acro ss th e  lam inations, away from th e outer rad iu s in th e  yoke and away from th e inner rad iu s in th e  te e th .
The a n a ly s is  is  sim ilar in every point to  th a t  of Appendix M except t h a t  th e  co n tin u ity  equation fo r  th e s t a to r  yoke must include th e  flu x  d e n sitie s  in th e  te e th  on both sid es.
The leakage acro ss th e  lam inations produces a small but noticeable e ffe c t  when th e  s t a t o r  yoke is  heavily  sa tu ra te d .
6.13 Summary
The composite machine, or twin ro to r  a x ia l flu x  machine, is  described and examined in d e ta il in th is  chapter. The a n a ly sis  begins with th e  leakage flu xes and goes on to  th e  main m.m.f, equations and flu x  co n tin u ity  equations, drawing heavily on th e r e s u lts  and techniques of Chapter 5.
The equivalent transform er fo r  one rin g  is  presented, followed by an approximate equivalent e le c tr ic a l c ir c u it .
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7. Chapter 7 -  The Experimental Machine
7.1 Introduction
To t e s t  th e  theory developed in th e  la s t  chapter, a composite machine was b u ilt  and a se rie s  of experimental runs was conducted on i t .  The experiments were simulated on a computer using th e th e o r e t ic a l model developed in Chapter 6 and th e  r e s u lts  are compared in t h is  chap ter.
7.2 The Machine and Test Rig
7.2.1 The Sta to r
The s t a t o r  core was provided by Card-O-M atic Pty Ltd of Waterloo in Sydney. I t  is  represented in Fig. 7.1.
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Fig. 7.1 S ta t o r  Core
Fig. 7.2 S ta to r  and Mounting
7.2.2 The R otors
Also provided by Card-O -M atic. th e  die c a s t  aluminium ro to rare  id e n tic a l with th e  cage r o to r s  used on sin gle  ro to r  machines.
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Fig. 7.3 A Rotor
T h e  r o t o r s  o r o v i d e d  w e r e  f o r  a  m o r e  h i g h l y  r a t e d  m a c h i n e ,  h a v i n g  
m o r e  i r o n  t h a n  r e q u i r e d  t o  m a t c h  t h e  s t a t o r .  T h i s  w a s  t o  p r o d u c e  
a  d i s t o r t i o n  i n  t h e  r e s u l t s  b u t  i t s  s o u r c e  w a s  n o t  r e c o g n i s e d  u n t i l  
m u c h  l a t e r .
7.2.3 The T est Rig
F i g .  7.4  s h o w s  a  s c h e m a t i c  d i a g r a m  o f  t h e  t e s t  r i g  a n d  a
p h o t o g r a p h
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C o u p l i n g s  L o a d  M o t o r
— \
J
Fig. 7.4 The Teat Ring (Schematic)
of i t  is  shown in Fig. 7.5. I t s  main f e a t u r e s  include th e  following
a. th e  t e s t  machine
b. load machines
c. ASEA R in g to rd u cto r"  to rq u e measurements sen so rs
d. L.E.D. speed sen so rs
e. r o to r  s h a ft s  supported by two b e a rin gs, includ ing c a p a c ity  
to  ta k e  end t h r u s t .
f .  s h a f t s  joined by fle x ib le  couplings
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Fig. 7.5 The Test Ring
7.3 B asic  Measurements
The following t e s t s  were carried  out to  determine the param eters of th e machine.
a. D.C. R e sistan ces of S ta to r  WindingsT h is was c a r r ie d  o u t a t  norm al operatm cr te m p e ra tu re  and a v e ra g e d  o ver th e  t h r e e  p h a s e s . The w indings were of 0.71 mm d ia m e te r  co p o er and th e  ch an ge in t h e ir  r e s is t a n c e , due t o  s k in  e f f e c t  is  0.01% a t  50 HZ. and is  t h e r e fo r e  n e a lig ib le . S t r a y  lo s s e s  were ig n o re d .
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b. Locked Rotor TestBoth r o to r s  were locked and th e  windings were again a t  o p eratin g tem perature. The skin depth of aluminium at.50 HZ is  approxim ately 12 mm, compared with 3 mm which is  h a lf th e  th ick n e ss  of th e  ro to r  b a rs. Consequently, th e r e s is ta n c e  a t  50 HZ is  approxim ately 2% h igher than i t s  D.C. value. The deep bar e ffe c t  is  n e g lig ib le  on th ese  r o to r s .
c. M agnetisation  C h a r a c te r is t icBoth r o to r s  were run a t  synchronous speed and th e m agnetisation curve was p lo tte d . At th e same time an estim ate as made of th e  s t a t o r  iron lo sse s .
I t  was assumed t h a t  th e  ro to r  r e s is ta n c e  and leakage inductance were sym m etrically d is tr ib u te d  between th e  "A” and "B" sid es of th e  machine. This assum ption could not be maintained in th e  case of th e  m agnetising re a cta n ce , but t h is  will be discussed more fu lly , la t e r  in th e  ch ap ter.
135-
The r e s u lts  of th ese  t e s t s  are se t out in Appendix N. along with th e  p h y sica l dimensions of th e  machine.
7.3.1 Estim ation of Mean A ir Gap
The clearan ces between s t a t o r  and r o to rs  were s e t  a t  0,5 mm using fe e le r  gauges. However, because of d if f ic u lt ie s  during th e m anufacture of th e  s t a t o r  core, th e  s t a t o r  lam inations were not a ll  flu sh  a t  th e  su rfa ce . Many were depressed up to  h a lf a m illim etre from th e ir  neighbours. So th e  e ffe c tiv e  mean airgap  was considerably g r e a te r  th an th e  0.5 mm clearance. Nor could i t  be e a sily  estim ated by measurements on th e  machine. The course which was followed was to  p lo t th é  m agnetising curve, and use th a t  a irgap  which was predicted  by th e  s t r a ig h t  sectio n  of t h a t  curve. This was 0,86 mm.
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7.4 Measurement of Torque
Some d if f ic u lt y  was encountered in measuring th e torque with th e  ASEA R in gto rd u cto rs Type 5693 573-B commonly called "to rd u c to rs" . They were c a llib r a te d  in th e  lab o rato ry  and th e  r e s u lts  appear in Appendix 0.
I t  was found, during c a llib r a tio n . th a t  th e  to rd u cto rs  su ffered  from h y s te r e s is . That is . i f  th e  s h a ft  was ca re fu lly  cycled through a range of to rq u es, th e  same torque would produce a s lig h t ly  lower ou tp ut, when approached from below, than i t  would when approached from above. The d iffere n ce  was about 0,2 N.m. fo r  each to rd u cto r. not h ighly  s ig n ific a n t compared to  a range of, say. ± 4 N.m.. which was ty p ic a l, but i t  had two undesirable r e s u lts .
F ir s t ly , i t  required th a t , each time th e  machine was s e t up to  ta k e  measurements, th e  torque should be approached from th e same side, th a t  is . th a t  th e torque should be uniformly increased or uniformly decreased. Since th e  torque curves contain changes of d ire ctio n , th is  was not p ossible . Every e ffo r t  was made to  move th e  machine slowly through i t s  range and t h is  is  re fle cte d  in th e  smoothness of most of th e  curves. Even so, th e re  are some curves where th e  p lo tte d  p o in ts are not smooth, and i t  is  suggested th a t  t h is  h y s te r e s is  is  th e  cause of i t .
Secondly, i t  led to  problems in th e  a ccu ra te  zeroing of th e to r d u c to r s . I t  was noted th a t  th e re  was no change in th e to rd u cto r reading when th e  ro to r  was running a t  zero s lip  and th e machine supply was turned o ff. So zero torque was assumed to  coincide with
-1 3 7 -
zero s lip , an assumption which elim inates th e need to  co rrect fo r windage and fr ic t io n , a t  le a s t  a t  synchronous speed.
7.5 Iron Losses
The m aterial of which th e  cores were made was LYCORE 220. in 0.5 mm lam inations. I t  is  ra te d  fo r  a maximum of 2.2 W/kg a t  1 Wb/m̂  peak flu x  d e n sity , excited a t  50 HZ. Accordingly, s ta to r  iron lo sses were expected to  be 2 0  to  25 W.
I t  was found to  be impossible to  measure iron loss accu ra te ly  during m agnetisation because i t  was always much le ss  s ig n ific a n t than copper lo ss which was as much as 200 W. However, th ese t e s t s  confirmed th e  low lo sses su ggested above, and indicated, also , th a t  lo sse s  in th e  te e th , due to  ra d ia l flu x , were not g re a t.
7.6 The Load Tests
The machine's performance under load, which is  of most p r a c tic a l in te r e s t , was determined by th e se rie s  of load t e s t s  which follow. For each t e s t  run. th e mean ro to r  s lip  was fixed and th e s lip s  of th e  two r o to r s  s e t  a t  equal amounts re sp e ctiv e ly  above and below t h is  fixed  mean. The t e s t s  sim ulate a vehicle moving a t  uniform speed, but allowed to  run s t r a ig h t  ahead or to  tu rn  r ig h t  or le f t .
In each s e t  of curves, th e  horizontal axis rep resen ts th e d eviatio n  from mean s lip  of th e  ro to rs , and i t  must be understood
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t h a t  when r o t o r  "A " is  a t  mean s l ip  + AS. th e n  r o t o r  B is  a t  mean s l ip  -  AS,
The to r q u e s  m easured proved  t o  be n o t q u it e  sym m e trica l, even w ith  b o th  r o t o r s  a t  mean s l ip . In e v e ry  c a s e , th e  to r q u e  on th e  "B " r o t o r  was a l i t t l e  g r e a t e r  th a n  th e  to r q u e  on th e  "A " r o t o r , so  i t  was n e c e s s a r y  t o  t a k e  each r o t o r  th ro u g h  th e  whole ra n g e  of s l ip s  f o r  a g iv e n  t e s t  ru n . Thus two to r q u e  c u r v e s  were produced fo r  each ru n . t h e  c u rv e  fo r  th e  "A " r o t o r  ly in g  i u s t  in s id e  t h a t  f o r  t h e  "B " r o t o r .
A t t h e  same tim e a s  t h e  to r q u e  was m easured, m easurem ents of v o lt a g e , c u r r e n t  and power were made w ith th e  w a ttm e te r. The c o n n e c tio n s  a r e  shown in  F ig , 7.7.
(a) 'A' S ide <b) 'B' S ideFig. 7.7 Connections fo r  E le c tr ic a l Measurements
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7.7 S ig n ifica n ce  of Wattmeter Readings
The w a ttm e te r  r e a d in g s  h ave a somewhat d i s t a n t  r e la t io n s h ip  t o  t h e  r o t o r  power on each s id e . T his can be i l l u s t r a t e d  by t a k in g  a s im p lifie d  lumped p a ra m e te r  model.
I f  V and A a r e  th e  p h a s o r  v o lt a g e  and c u r r e n t , each numbered c u r r e n t  in F ig . 7.8 h a s  a co rre s p o n d in g  v o lt a g e  and * in d ic a t e s  a complex c o n iu g a te . th e n
V * A = ( v £ + V * ) I6
= V*I& + V^fl! + I4)= Vfel6 + V4 I 4 + <  - V > 1  = + < I 4 + V p !  -  V^IjThe w a ttm e te r  r e a d in g  is  th e  r e a l  p a r t  of t h i s  e x p r e s s io n . The f i r s t  term  y ie ld s  t h e  copper lo s s  on th e  "A " s id e , th e  second y ie ld s  t h e  t o t a l  r o t o r  power and th e  t h ir d  term  y ie ld s  th e  iro n  lo s s  on t h e  "A " s id e  s t a t o r  t e e t h . T h is s t i l l  le a v e s  th e  r e a l  p a r t  of -  V*l-j in  t h e  w a ttm e te r  r e a d in g . When t h e  s t a t o r  yoke is  u n s a t u r a t e d . V3 w ill be n e g lig ib ly  sm a ll, b u t a s  soon a s  i t  s t a r t s  t o  s a t u r a t e .
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th e  term becomes im portant. I t  appears to  have no useful p h ysical sig n ifica n ce . The wattm eter reading is  sim ilar fo r the "B" side.except th a t  th e  e x tra  term is  V?io and i t  has a p o sitiv e  sign.- j  u ■The w attm eter readings can be predicted by th e model and are included as a fu rth e r  check on i t s  accuracy.
7.8 Normalisation of Units
In order to  make th e r e s u lts  as general as possible, and as l i t t l e  dependent on th e param eters of th is  p a rtic u la r  machine, they are presented in u n its  which have been normalised as follows.
7.8.1 Slip
Slip  is  represented by a derived variab le , r
(Lm+L2 ) r = Su---------—r2
where s = s lip(j = supply frequencyLm = airgap  m agnetising inductance
l 2 = ro to r leakage inductance
* 2
- ro to r re s ista n ce
Lm, L2  and R2  are  referred  to  th e  s ta to r . The ra tio n a le  fo r th is  d e fin itio n  will be found in Appendix E.
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7.8.2 Power
W attmeter read in gs are  reduced to  equivalent power crossin gth e  a irg a p  per u n it area of a irgap .w w«norm -  — ~ftCRg-RJ)
7.8.3 Torque
Torque is  rep resented as synchronous power per u n it area of a irg ap
0  = T(J____Pfl-CRg -  R?)
7.8.4 Voltage
V oltage is  represented by th e  mean fundamental R.M.S. flu x  d en sity  a cro ss one fa ce  of th e  s t a t o r  to  induce th a t  v o lta ge  in th e  winding. From ADoendix G &eq _______pV________<J(r 2 -  R?)NKwl
7.8.5 Current
C u rren t is  rep resented by th e  equivalent cu rren t loading around th e  s t a t o r  a t  th e  mean ra d iu s , in amps/metre.2mNIC.L. = *(R(3 +Ri )m = no of phasesN = no of tu r n s / s ta to r  face/phase
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73  The R e su lts
A comprehensive se t of t e s t s  was run a t  each of th ree  supply v o lta g e s  (200. 240 and 280 VRMs lin e -to -n e u tra lX  The r e s u lts  are presented here fo r th e  f i r s t  s e t  fo r th ree  mean s lip s  only -  maximum, zero and minimum (negativeX These r e s u lts  are presented more fu lly  in Appendix P. along with th e  r e s u lts  fo r th e  other two supply v o lta g e s .
The higher s lip s  appear a t  th e  le f t  hand side of th e graphs, as is  conventional in th e  torque-speed curves of induction motors.
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Move equal distances away from centre to read tor cue on bothsid es.
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7.10 D iscrepancies between the Machine and the Model
Obviously th e  model p r e d icts  th e  machines behaviour q u ite  well. However th e re  are  s t i l l  some s ig n ific a n t d iscrep an cies between th e  measured performance of th e  machine and th a t  predicted by th e  model. Two e ffe c t s  very la rg e ly  explain th e se  d ep artu res.
7.10.1 Variable Rotor Resistance
The f i r s t  e ffe c t  is  th e  r e s u lt  of th e  mis-match between th e  s t a t o r  and r o to r s . According to  th e  model, th e  flu x  d en sity  in th e  ro to r  te e th  is  about 70% of th e  flu x  d en sity  in th e  s t a t o r  te e th . Fu rth er, th e  sid e with th e  higher s lip  runs a t  th e  lower flu x  d e n sity , and th e  ro to r  iron has an ou tside rad iu s of 80 mm whereas th e  s t a t o r  iron only extends to  77 mm, so th e  outer 3 mm of th e  r o to r  iron c a rr ie s  no flu x  a t  a ll .
Thus th e  ro to r  a t  th e  higher s lip  w ill be very lowly fluxed and must run a t  a correspondingly high s lip  to  develop fu ll  torque. In th e  w orst case presented in Section 7.9. mean s lip  = 0.24 and th e  maximum s lip  of th e  r o to r s  = 0,56. These s lip s  are much g re a te r  than th e  r o to r s  would be designed fo r  and r e s u lt  in s ig n ific a n t  tem perature r is e s  with corresponding r e s is ta n c e  in cre a se s. The r e s is ta n c e  used in th e  model appears to  be co rre ct fo r  a s lip  of approxim ately 0 .2  
(r = 3.44)
A com plicating fa c to r  is  t h a t  th e  r o to r s  are  much more e ffe c tiv e ly  cooled when running a t  high n e g a tiv e  s lip s . In th e  extreme case.
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we have a s lip  of -0.36 (r = -  6.19). Since synchronous speed is  1500 r.p.m.. th e  speed range fo r  th e  f i r s t  s e t  of t e s t s  is  660-2040 r.p.m. I t  is  su ggested t h a t  th e  ro to r  r e s is ta n c e  remains under th e  value used in th e  model, even fo r  q u ite  high n egative s lip s .
7.10.2 Unbalanced Airgaps
The second e ffe c t  is  t h a t  th e  a irg a p s on both sides of th e  machine were not equal, leading to  d iffe r e n t m agnetising inductances on both sid es of th e  equivalent c ir c u it . The co rrect values fo r th e a irg a p s appear to  be 0.77 mm and 0.98 mm. (c.f. 0.86 mm used before).
7.11 E ffe cts  of Changing Rotor Resistance
Some of th e se  e ffe c ts  can be seen cle a rly  on th e  curves in Section 7,9. Others may be more e a sily  seen by re fe rr in g  to  Appendix P.
7.11.1 Current a t Balanced Conditions (Ar = 0)
P red icted  cu rren t is  a ccu ra te  a t  r mean = 3.44 and rmean = 0 (m agnetising cu rren t only). I t  is  high fo r  rn,ean >3 .4 4  and low fo r a l l  o th er cases.
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7.11.2 Torque and Wattmeter Readings a t Balanced Conditions (At -  0)
The model p r e d icts  th e  torque and wattm eter readings q u ite  well on th e  cen tre  lin e  fo r  ?'mean>3,44. Otherwise i t  s lig h t ly  und erestim ates them.
7.11.3 Unbalanced Conditions and High rmean
Line cu rre n t, to rqu e on th e  high s lip  ro to r , and th e  corresponding w attm eter reading, are  a l l  lower than p redicted .
7.11.4 Unbalanced Conditions and Moderate or Negative rmeari
Line cu rren t and torque tend to  be higher than p redicted , although they are  close to  th e  p red icted  valu es a t  th e  g r e a te s t  n e g a tiv e  s lip s . Presumably, a t  th e se  s lip s , th e ro to r  tem perature is  close to  th e  value used in th e  model,
7.11.5 Voltage Curves -  Central Section
The slope of th e  v o lta g e  curves, where they cross th e  cen tre  lin e , is  le s s  than t h a t  predicted  a t  high r mean. and otherw ise agrees q u ite  well.
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Ig n o r in g  s t a t o r  r e s is t a n c e  and le a k a g e  in d u c ta n c e , t h e  m achine can be r e p r e s e n te d  by t h e  c i r c u i t  of F ig . 7,13.
_ ü _S -A $
R . s + 4 S
V :
v ,;
Fig. 7.13 Sim plified C ir c u it  fo r  U n satu rated  S ta to r
and
R +Zm(S+ AS) 
2(R + ZmS)
d^a _  ZmV
3 A S _ 2(R+ZrnS) .^ in ce  R i s  g r e a t e r  a t  h igh  ^'mean th a n  a t  low rmean, th e  s lo p e  of t h e  v o lt a g e  c u rv e  is  o v e r e s tim a te d  a t  h igh  r mean.
7.12 E ffe c t  of Unbalanced A irgap s
The a ir g a p s  in  th e  model were a d ju s te d  t o  0.77 mm and 0.98 mm and t e s t s  were s im u la te d  fo r
r mean = 3.44
r rnean = 0 r rnean = -2.75The r e s u l t s  of t h e  f i r s t  ru n  a r e  p r e s e n te d  h e re  w ith t h e  e x p e rim e n ta l r e s u l t s  f o r  com parison . The o th e r  two a r e  p r e s e n te d  in Appendix 0.
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The model now gen erates two curves and th e  spread of th e  curves agrees q u ite  well with th e  spread of th e experimental curves. The "B" side of th e  model, which was given th e  sm aller airgap. co n siste n tly  produces th e  higher v o ltage , torque and wattmeter readings, as a lso  occurred with th e  experimental machine. The model a lso  reproduced th e  same p a tte rn  as th e  machine in th e  case of th e current curves.
FIG 7. 14 TORGU'E vs ¿ 7
FIG 7.15 KF.Ï7ME7ER F.cr.DIilGS vs A7
F I G  7 . 1 7  C U R R E N T  •/s
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7.13 The R e su lts  a t  H igher V o lta ge s
These are p resen ted  in Appendix P and follow a sim ilar p a tte r n  to  th e  f i r s t  s e t  of r e s u lt s . Because of th e  higher v o lta g e s  th e  r o to r s  tend to  run a t  higher tem peratures and th e re fo re  a t  higher r e s is ta n c e s . Thus th e  to rq u es, cu rre n ts  e tc  tend to  be s lig h t ly  lower, cornnared to  th e  model, th an  a t  lower v o lta g e s .
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8 . C h ap ter 8  -  Some Remarks on Design of th e  Machine
8.1 In tro d u ctio n
. This chap ter looks b r ie fly  a t  some of th e  problems p ecu liar toth e  desian of a composite machine fo r  th e  purpose of d riv in g  an e le c tr ic  vehicle . The following assum ptions are made.
a . The machine will be of a sim ilar size to  th e lab o rato ry  machine, driven by a v a ria b le  frequency supply which may go up to  500 HZ. Such a machine would be con stru cted  of 0,1 mm lam inations.
b. As fo r  most induction motors, th e  machine should be de­signed to  maximise m agnetising inductance, power fa c to r , s t a r t in g  torqu e and e ffic ie n cy  and to  minimise leakage rea cta n ce , s t a t o r  r e s is ta n c e  lo sses, size and co st while reco gn isin g th a t  some of th e se  goals are mutually ex­clu siv e .
The param eters which are considered here are 
a . s t a t o r  yoke th ick n e ss
b. ro to r  r e s is ta n c e
-155-
8.2 Changing th e  S t a t o r  Yoke Thickness
The to rq u e produced by th e  motor is  almost id e n tic a l a t  d iffe r e n t supply frecruencies. except fo r  th e  small changes introduced due to  th e  s t a t o r  r e s is ta n c e .
Fig. 8.1 Shows a se le ctio n  of to rqu e curves fo r  two s t a t o r  yoke dimensions. The so lid  curves are  fo r  a 6.1 mm yoke (the la b o ra to ry  machine) and th e  oth er is  fo r  a 12.2 mm yoke. In a l l  cases, th e  lim its  of th e  curves are  given by th e  s t a t o r  cu rre n t. A more comprehensive s e t  of curves appears in Appendix S.
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The e f f e c t s  of w idening t h e  s t a t o r  yoke may be sum m arised a s  fo llo w s .
a . A t h ig h  ( p o s it iv e  and n e g a tiv e )  r meari, t h e  m achine g iv e s  a b e t t e r  a p p ro xim a tio n  t o  a d i f f e r e n t i a l .
b . When r mean is  n e a r  zero , i t  g iv e s  a w orse ap p ro xim a tio n  t o  a d i f f e r e n t i a l  (bu t b o th  c a s e s  g iv e  poor a p p ro x im a tio n s .
c . The c u r r e n t  lim it  is  re a ch e d  a t  low er v a lu e s  of Ar. (This. m ust be due t o  t h e  e x t r a  m a g n e tis in g  c u r r e n t  re q u ir e db e c a u s e  of t h e  s a t u r a t i n g  te e t h .)
A b e t t e r  d e s ig n  may be t o  p u t some e x t r a  iro n  in  t h e  yoke b u t a ls o  some in t h e  t e e t h .
8.3 Rotor Resistance
The se lectio n  of ro to r  r e s is ta n c e  is  linked with th e expected range of working s lip s  fo r  th e  motor. One determ inant is  th e  allow able to le ra n ce  on torque changes as th e  vehicle goes through a curve and Ar in cre a se s . This is  p la in ly  o u tsid e th e  scope of th e  th e s is , but some o b servatio n s may be made.
The conditions governing a small van are described in Appendix T. The van is  presumed to  have a road speed (synchronous speed) of 80 kph when supplied with 500 HZ. If AS is  th e  change in s lip  from th e  mean, then c o n tr ifu g a l fo rce  lim its AS as below.
AS < 0.043 a t  40kph
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AS <_ 0.019 a t  60kph 
AS < 0.011 a t  80kph
The worst case is  fo r th e  lowest speed. I t  is  assumed th a t  in s ta b ility  due to  uneven torque d is tr ib u tio n  w ill not be a problem below 40 kph.
I t  is  fu r th e r  assumed th a t  th e  control system will be fle x ib le  enough tc reduce th e  v o lta ge  when Ar (or AS) becomes large . Then from th e  low v o lta g e  torque curves in Section 7,9. looking a t  th e curves for' high r meari. Ar may be of th e  order of 2 ,5 . and if  t h is  corresponds to  AS = 0.043. then ro to r  r e s is ta n c e  will be
R p  =  11&
The maximum value of th e  mean s lip  will be 0.048 a t  40 kph and 0.024 a t  80 kph.
The higher th e  speed a t  which torque d is tr ib u tio n  becomes im portant th e  lower may th e  ro to r  r e s is ta n c e  be.
8.4 C o n tro l S tr a te g y
A s u ita b le  con trol s tr a te g y  must ta k e  account of th e  followincr co n sid era tio n s.
a . The e ffic ie n cy  of th e  machine w ill be h igh est when i t  isfu llv  fluxed,
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b. W ith s l i g h t l y  re d u ce d  f lu x in g , t h e  m achine is  a b le  t o  accom m odate q u it e  h ig h  v a lu e s  of Ar. w ith  r e a s o n a b ly  even to r q u e  d i s t r i b u t i o n , and c lo s e  t o  maximum mean to r q u e .
c . The w o rs t to r q u e  d is t r i b u t i o n  o c c u r s  when r^ea-n = 0 and t h e  v e h ic le  is  a t  t h e  l im it s  s e t  by c e n t r i f u g a l  fo r c e , and a t  t h e  lo w e st speed where to r q u e  d is t r ib u t io n  is  im p o r ta n t (assum ed t o  be 40 kph in  t h e  p r e v io u s  s e c tio n ) .
d . The d u ty  c y c le  of t h e  m achine w ill in c lu d e  a n e g lig ib ly  sm a ll tim e a t  t h e s e  l im it s .
A c o n t r o l  s y ste m  could  d e t e c t  when Ar was h ig h  i f  m easurem ents o f v o lt a g e , c u r r e n t , fre q u e n c y  and r e a l  and r e a c t iv e  power were a v a i la b le , and t h e s e  v a r ia b le s  can a l l  be m easured c o n v e n ie n tly . Then t h e  c o n tr o l  sy ste m  could fo llow  t h e  fo llo w in g  s t r a t e g y .
a. Keen th e  machine fu lly  fluxed and respond to  th e  a c ­c e le r a to r  s ig n a l by v aryin g  th e  frequency.
b . I f  Ar becomes la r g e , e s p e c ia l ly  i f  r mean is  n e a r  zero , r e d u c e  t h e  v o lt a g e  t o  keep t h e  to r q u e  d is t r ib u t io n  w ith in  l im it s . T h is  fu n c t io n  m ust o v e r r id e  a .
One would a n t i c i p a t e  t h a t  t h e  m achine would spend n e a r ly  a l l  i t s  d u ty  c y c le  u n d e r a ., and would t h e r e f o r e  be q u it e  e f f i c i e n t .
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8.5 M echanical Problems
A lth o u g h  th e y  a r e  n o t t h e  fo c u s  of a t t e n t io n  in t h i s  t h e s i s  t h e r e  a r e  some m ech an ical problem s w ith t h i s  m achine.
a . Each r o t o r  m ust be s u p p o rte d  by two b e a r in g s  on th e  sarn r s id e , t h u s  t h e  c a s e  m ust be exten d ed  a c o n s id e r a b le  d is t a n c e  on e it h e r  s id e  t o  lo c a t e  th e  b e a r in g s .
h. The s t a t o r  co re  te n d s  t o  be f le x ib le , t h e  more so w ith n arro w e r yo k es.
c. The a ir g a p s  m ust be s e t  t o  be eq u a l d u rin g  m a n u fa ctu re .A eood c r it e r io n  f o r  e q u a l a ir g a p s  is  t o  h ave eq u al v o lt a g e s  in t h e  two h a lv e s  of th e  s t a t o r  w inding, when botn  r o t o r s  a r e  ru n n in g  a t  syn ch ro n o u s speed.
d. I t  is  d i f f i c u l t  t o  mount t h e  s t a t o r  r ig id ly . In th e  t e s t  m achine i t  was mounted on an s im ila r  r in g  which f i t t e d  s n u g ly  o ver t h e  co re  and betw een th e  w indings of th e  two s id e s .
e. A A -p ole  m achine ru n n in g  a t  15.000 rpm and d r iv in g  500 mm ro ad  w heels a t  80 kph r e q u ir e s  a g e a r  r a t i o  of 17,6:1
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9. C h ap ter 9 -  Conclusion
This th e s is  has developed th e composite motor, or twin rotor a x ia l flu x  motor, from th e in it ia l  conceDt. through a th e o re tic a l a n a ly s is  and experimental v e r ific a tio n , to  some p r a c tic a l design co n sid eratio n s. The motor is  unique or unusual in several re sp e cts .
a . I t  has two ro to rs  whose s lip  values are q u ite  independent of each other
b. The flu x  cro sses th e a irgap s a x ia lly  r a th e r  than ra d ia lly , t h a t  is , th e  cores are disc-shaped.
c. The proper operation of th e motor depends on sa tu ra tio n  in th e  s t a t o r  core to  generate the required torque c h a r a c te r is t ic s .
The procedure has been lik e  th a t  of a stand ard machines te x t . A transform er analogue is  f i r s t  developed and te ste d  and the H -c irc u it . c h a r a c te r is t ic  of th e  machine, is  developed in i t s  sim plest form. The accuracy of t h is  model is  v e rifie d  by experimental r e s u lts . A sin gle  ro to r  machine is  then analysed in d e ta il using th e tra v e llin g  wave technique. F in ally , th e  composite machine i t s e l f  is  analysed and th e model is  v e rifie d  with an experimental machine. D ifferences between th e  model and th e  experimental machine are explained by two fa c to r s  -  heatin g  of th e  r o to rs  and unequal a irgap s.
I t  seems lik e ly  th a t  th e machine is  a p ra ctica b le  solution  to  th e problem of th e  e le c tr ic  vehicle drive, when supplied via a s u ita b le
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c o n tr o l sy ste m . I t  would th e n  r e q u ir e  only  one in v e r t e r  and t h i s  would be i t s  g r e a t e s t  a d v a n ta g e . I t s  e l e c t r i c a l  lo s s e s  would be a c c e p t a b ly  sm all and i t  would weigh le s s  th a n  two in d iv id u a l m otors.
A m achine of im m ediate com m ercial v a lu e  a p p e a rs  t o  be th e  s in g le  r o t o r  a x ia l  f lu x  m achine. T h is m achine h a s  s e v e r a l  a d v a n ta g e s  o v er c o n v e n tio n a l m otors and I am s u r e  t h a t  f u r t h e r  in v e s t ig a t io n  in t o  i t s  p o s s i. d l i t i e s  w ill be w ell w orthw hile.
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An i t e r a t i v e  p ro c e d u r e  is  u sed  t o  s o lv e  f o r  B and H in  a s a t u r a t i n g  c o re . The m.m.f. e q u a tio n  f o r  a m a g n e tic  c i r c u i t  is  p ro d u ced  m  n h a s o r  form and. in  g e n e r a l, in c lu d e s  harm onic p h a s o r  te rm s  in  b o th  B and H.
A pp en dix A -  Co m p u tatio n
&y(Bvy + iByy) + Hxi' + iHyy + Cy + iDy = 0. 
or. s e p a ra tin g  th e  r e a l and im aginary p a r ts
^vBvy + Hvy + Cy =0 (A — 1)
SyByy + Hyy + Dy =0 (A -2)The most s u c c e s s fu l method has been found to  be to  i t e r a t e  bya d ju s tin g  th e  B -valu es to  reduce th e  e rr o rs  in th e  above equ ations.
If th e re  a re  n harmonics to  be solved, th e  re a l and im aginary p a r ts  g iv e  us 2n unknown B valu es and equations fA—1) and (A-2) g ive 2n eq u atio n s. The method is  d e ta ile d  below.
a. Assume a s e t  of B
b. C a lc u la te  time fu n ctio n  B over \ cycle  (say 100 points)iL -
c. Look up time fu n ctio n  H over same \ cycle , from B-H"curve.
d. C a lc u la te  s e t  of phasor H
e. E v alu ate  e rr o rs  in (A-l) and (A-2) above.
£. Locate la r g e s t  e rro r
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g . If  small enough, end ite r a tio n
h. If not. in crease  th e  B -value in th e equation with th e la r g e s t  e rro r by a small increment. AB. and evalu ate th e erro r again by ste p s (b) -  Ce)
i . Using t h is  inform ation, and Newton's rule, a d ju st th e  B value to  bring th e error in th e  equation to  zero.
j . Go to  (b) above.
This g ives a fa ir ly  slow convergence because each ite r a tio n  a f fe c t s  only one of 2n so lu tio n s. However i t  was found to  be s ig n ific a n t ly  more s ta b le  th a t  a sim ilar method which adjusted  a ll  so lu tio n s a t  each ite r a t io n . Even with th e above scheme, i t  is  ad visab le  to  change th e m.rn.f. in fa ir ly  small step s when in v e s tig a tin g  heavy s a tu r a tio n , to  avoid in s ta b ility .
Double Sided Machine
In th e  case of th e double sided machine, th ere  are two magnetic c ir c u its  and two s e ts  of flu xes are  required to  determine th e flu xes everywhere in th e  machine. Thus a sim ilar scheme can be used except t h a t  th e re  are  4n independent v a ria b le s  (flux d en sities). I t  has been found th a t  th e  most convenient flu x  d e n sitie s  to  use are th ose in th e  s t a t o r  yoke and th e  ro to r  with th e  h igh est flu x  d en sity .
I t  s t i l l  remains to  s e le c t  th e  m agnetising cu rre n ts  co rre ctly  fo r any applied v o lta ge . The re le v a n t equations are K irch o ffs v o lta ge
-170
equation  a t  th e  machine term in als and th e  cu rre n t equation fo r  th e  two sid e s  of th e  machine. Let th e  e rr o rs  in th e  re a l and im aginary p a r t s  be v.j to  and le t  th e  r e a l and im aginary cu rre n t p a r ts  be t o  x4.
I t  is  n ecessary  to  c a lc u la te  each —- i
' aX j -in fo u r dimensions is Then th e  Newton algorithm
Lx i.n + 1  J = Lxi.n j r . ~ “ 1: aVj_ i : V-! ax, !I J (A -3)
In th e  e a rly  p a r ts  of an ite r a t io n , th e  s te p s  have to  be shortened to  preven t th e  ite r a t io n  fo r  th e  flu x e s , mentioned above, from goinn u n sta b le . Thus equation CA-1) must be modified
i aYi !
- 1xj.n + lj  = 8x i.n j (A -4)The fa c to r . A. should be modified as th e  ite r a t io n  procuresses. I tshould s t a r t  as low a s 0,1 to  0.5. and fin is h  a t  u n ity . The dxi neednot be r e -c a lc u la te d  fo r  every ite r a t io n . I t  is  a time consuminao p eratio n  and th e ir  valu es change only slowly.
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The c h a r a c t e r is t ic  c ir c u it , which r e cu rs  in d iffe r e n t g u ise s  
w ith th e s e  machines, may be called an H-network. The diagram below 
i l l u s t r a t e s  th e  c ir c u it  in i t s  gen eral form.
Appendix B -  The H-Network
F i g .  B - l  The H - n e t w o r k
The cu r r e n ts , as defined in Fig, B -l. are th e  so lu tio n  to  th e  m atrix 
eauation (B-l).
¡Za Zb Zc 0 0 0 1 ria 1! !
rv ]t fj i
! 0j zb 0 -zd -Ze 0 I ; -?t, j! i 1 !° I 1 ;
! 0 0 Zc Zd 0 -Zf I ! Ic !.! ! i
! 0j j - Ì iI; i -1 0 0 -1 0 ! Id | i°  11
1 0 1 -1 1 0 0 ! Ie 1I e ! ! 1 !° 1 j !
. 0 0 0 -1 1 -1 - 1 If J 1.0 J
A determ inant must be formed whose value is  ZZZ,
(B -1)
ZZZ -  Za ZcZe + ZaZ^Ze + ZaZ ^ Z f + ZaZ eZ f + ZaZ^Zc 
+ ZaZj-^Z  ̂ + ZaZj-jZj: + ZaZeZf + Z^ZcZe + Z^Z^Ze + Z^Z^Zf
+ zb z e Z f + ZcZ^Ze + ZcZ ^Z f + Z cZ eZ f + Z^ZeZf (B -2 )
-1 7 2 -
Then th e  so lu tio n  is
la  = V(Zb Zc + Zb Zd + Zb Z£ + ZcZd
+ Zc Ze + Zd Ze + Zd Z£ + ZeZ£VZZZ (B -3)Ib = V(ZcZe + Zd Z e + Z d Zf + ZeZ£)/ZZZ (B -4)I c = V(Zb Z£ +Zd Ze + Zd Z£ + Ze Z£)/ZZZ (B -5)Id = VCZb Z£ -  Zc Ze VZZZ (B -  6 )Ie = VCZb Zc + Zb Zd + Zb Zf  + Zc Zd VZZZ (B -  7)I£ = V(Zb Zc + Zb Zd +ZcZd +ZcZe )/ZZZ (B - 8 )
There are  se v e ra l p ro p e rtie s  of t h is  c ir c u it  which are  required in th e  boclv of th e  th e s is . One of th e se  p ro p e rtie s  is  th e  e ffe c t iv e  imoedance of th e  c ir c u it , looking in to  th e  H. t h a t  is , excluding Za , This impedance is  given by th e  equation.
ZH = Zb Ib + Z tfcaZhZrZg+Z», Ẑ  Z»+Zb ZftZ>+Zt,Ẑ Zf+Zb ZrZ»+Zc Z<jZu.+Zr Z^Z»-f ZrẐ Zf Zb Zr+Zf, Ẑ +ZhZf+Ẑ Ẑ +ZcZe+ZriZfl + ZrtZf+Ẑ Z/ (B -9)
Another requirem ent is  th e  Thevenin v o lta g e  and impedance seen a t  th e  term in als  of Zd . The Thevenin v o lta g e  is  th e  v o lta g e  seen a cro ss  Zd when Zd is  taken  to  in fin ity .
vt  =VCZkZ.-ZcZ.)Z,Za+Z#Zf+Z» Zb+Zb Z^+Ẑ Zf+ZrẐ  +ZcZf+Z»Zc (B -10)The conventional p o s it iv e  sid e of VT appears a t  th e  node connected to  Ze and Z f. The Thevenin impedance is  th e  impedance seen a t  th e
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te r m in a ls  of 2^ when t h e  v o lt a g e  s o u r c e  is  r e p la c e d  by a s h o r t  c i r c u i t .  When t h e  c i r c u i t  is  re -d ra w n  t o  i l l u s t r a t e  t h i s ,  t h e  d iagram  below r e s u l t s .
Fia. B-2 Network fo r  Thevenin Impedance
We h a v e  a n o th e r  H -n etw o rk , and th e  Thevenin im pedance i s  m erely t h e  im pedance of t h i s  H. The e q u a tio n  is  s im ila r  t o  e q u a tio n  (B-9) b u t t h e  im pedances a r e  in  d i f f e r e n t  p o s it io n s .
2  y -_ 2 ,2 (-.2< f2,--.2j.2<+2&2i,2f e 2 J.2 f2 r+2»2b2c+2>:,2,.2-f+2b2>2r +2i;.2<2r2s,2b+2«29+2e2,:+2t) 2# +Zh2f+2iV2#+2#2r+2̂ 2,- (B - 1 1 )
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Appendix C -  P aram eters of S in g le  C -c o re  dim ensionsDepth (acro ss lam inations)B read th  (along lam inations)Length (in sid e leg of "C")H eight (in sid e h e ig h t of "C")Shunt dim ensionsDepth (acro ss lam inations)B read th  (along lam inations)Main c o ilsNumber of tu r n s  R e s is ta n c e  "A" s id e  inner "A" s id e  o u ter "B" s id e  inner "B" s id e  o u terSearch  c o il Number of tu r n s  Leakage r e a c ta n c eT o tal per co ilM agn etisin g  r e a c ta n c e  p er s id eWith sp a c e rs  W ithout sp a c e rs  Frequency
Phase Analogue
26 mm 52 mm 81 mm 45 mm
24.5 mm 52 mm
3500.96 G 1,42 G 0.95 G 1,36 G
100
4.54 Q 1.14 G
148 G 990 G 50 Hz
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The e x p e rim e n ta l and p r e d ic te d  load  c u r v e s  a r e  shown h e re , f o r  t h e  sincrle p h a s e  a n a lo g u e  ( tr a n s fo r m e r  model). The f ig u r e s  co rre sp o n d  t o  t h e  fo u r  d i f f e r e n t  s h u n t s  u sed .
Appendix D - Load Curves - No Airgaps
Fig. D-l Power Curves -  Uncut Shunt
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Fir/. l)-2 Power C u r v e s  -  S h u n t w ith  F i r s t  C u t
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F ig . D-4 Power C u rv e s  -  Sh u n t w ith  T hird C u t
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Appendix E - Normalised Units~ __  rw ^
F ig . E - l  E q u iv a le n t  C i r c u i t  f o r  In d u c tio n  M otor
Rotor c u r r e n t , I, is
I - V iwLpn1,j R1r 2 1 + ^ 7  j + R1R2 [ S ~ R j7 (Lrn + L'l)fLrn + L2 ]We rnav make t h e  follow incr d e f in it io n s
a = 1  - LmÍLm + Lj)(Lm + L2 ') Lm + L|T’l = R.TO Lm + L'2
La
y l -
r-y -  Swro
La LaThen we h a v e I = _______________ VSiuLm_______________iR^R2 (r-| + r 2 ) + R|R2 C1  -For a t h r e e - p h a s e  m achine, t h e  r o t o r  power is
3 V 2 r - i  r o d  -  c l)P = ------------------------ L_a--------------------------R^Cl + r 2 + 2(1 -  cf)r^r2 + >'o + ccr.̂  r 2]The m ach ine's s l i p  i s  r e p r e s e n te d  by r 2 . which becomes, f o r  t h e  t r a n s fo r m e r  a n a lo g u e . = G2 w(Lm + L2 )
-1 7 9 -
where Go -  conductance of secondary.















Appendix F -  Waveforms
F ig . F - l  Sketched Waveforms
Peak V a lu e s  S e co n d a ry  'A' v o lt a g e  S e co n d a ry  'B' v o lt a g e  P rim a ry  c u r r e n t  Sh u n t f lu x
from  S in g le  P h a se  A n alo gu e
89V61V0.97A0.32 * 10-3 Wb
Fig. F-2 Secondary V o lta ge s Fig. F-3 Prim ary C u rren tE x p e rim e n ta l and p r e d ic te d  w aveform s f o r  t h ir d  c u t . w ith  a ir g a p s . r a = 3.05 r b = 0










Fig. F-5 Sketched Waveforms
Peak V alu e sSecon d ary 'A' v o lt a g e 77VSecon dary 'B' v o lt a g e 63VPrim ary c u r r e n t 0,66ASh un t f lu x 0.24 V 10
Fig. F- 6  Secondary V oltages Fig. F-7 Primary CurrentE xp erim en tal and p r e d ic te d  waveforms fo r  t h ir d  c u t . w ith a ir g a p s , r a = 1.31 > b = 0




Fig . F-9 Sketched Waveforms
Peak V a lu e s  S eco n d ary  'A' v o lt a g e  S eco n d ary  'B' v o lt a g e  P rim a ry  c u r r e n t  Sh u n t f lu x
105V37V0.49A0,57 x 10_3 Wb
Fig. F-10 Secondary V o ltages Fig. F - l l  Prim ary C u rren tE x p e rim e n ta l and p r e d ic te d  w aveform s f o r  second c u t . no a ir g a p s , r a = 15,2. r \3 = 3.62
F ig . F-12 Shu nt Flex
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A ppendix G -  F ie ld  V a lu e s and C ir c u it  P h a so rs
Consider a p p o le -p a ir winding. One tu rn  from th e  f i r s t  coil in each pole p a ir  winding w ill g ive a square m.m.f. wave which may be rep resen ted  as a s e r ie s  of space harmonics.o-i -1 ayFl(«e) = -  sin  -ÿ- cos vae
where v = 1.2.3..,.i = cu rren t in coil«y = span of coil in e le c tr ic a l rad ian s
ae = displacem ent around th e  airgap  ine le c tr ic a l rad ian s= displacem ent around th e  airgap  inmechanical rad ian s«e = Ptfm
(G -1)
And i f  S is  th e  number of s t a t o r  s lo ts  per pole p a ir , then ad jacen t s lo ts  sep arated  by e le c tr ic a l rad ian s. Then, fo r  th e  k 'th  co il. ae must be replaced by o c e - ( k - l) ^ . Also, the k'th co il w ill
RJhave nCk) tu rn s . Then Nc ad jacen t co ils  carryin g  th e  same cu rren t w ill provide a m.m.f. of F(cre ).
F (cc e ) = . NrI  nCk) V ¿7 sin  cos v ! ae -  (k - 1 ) -~ i71 k=lNr I'OCy
I  I  nCk)ry s i n  — c o s  j v a e  - ( k  - 1 ) * —-  i 
i ' k = l  1 2 s  :
-  2 i  v  N v  ( N c - D x v ' j





by d e fin itio n  of Kwv, . where N = t o t a l  number of tu rn s  in one phasewinding fo r  a ll  pole p a irs  p = number of pole p a irsKwl, = winding fa c to r  fo r  th e  1» th  harmonic.
Now th e  flu x  d en sity  in th e  a irgap  will be function  of angular displacem ent. ofe . and time. t .  I t  is  a lso  a function of rad iu s, r . but a t  any given ra d iu s , th e  flu x  d en sity  will be described as a s e r ie s  of waves tr a v e llin g  around th e  machine, A re p re se n ta tiv e  flu x  d e n sity  wave is Ba §Cr)sin(aae -  But) (G -  4)The space harmonic is  a and th e  time harmonic is  d while th e  r a d ia l supply frequency is  w.
The v o lta ge  induced in a s in gle  tu rn  by th e flu x  p assing through a small s t r ip  of width Ar is
e = - - A *
^ rBa §(r) sin  (oae -  8 <jt)Ardam
' ~  7"where 4> = flu x  linked bv th e  tu rn
-  _ 2 $(jr_e = - do in(—2 ^) cos (dut)ArBa §(r)
Now th e  soeed of th e  flu x  wave under consideration is <re le c tr ic a l  rad ian s/sec. So th e  time sep aratio n  of adjacent co ils  is
Ag j f  seconds. Therefore, th e  v o ltage  acro ss th e  whole phase winding
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from th e  flu x  in Ar is :-i>(t) -  ArBa §(r) I  n(k)sin(——-)cos(u6 t  -  (k - 1 ) ™ --)
°  k=l 1 bBy comparing equations CG-2) and (G-5X i t  w ill be observed th a t  they are sim ilar except th a t  vae in (G-2) must be replaced by 8 <jt in (G-5) and th e  order of th e space harmonic is  v in (G-2) and a in (G-5X We mav then conclude from (G-3) th a t
Nr G C t y o2k (G -5)
XT i ( N r *  — D d T T  i
u(t) = - 2 $wrArBa £(r)j~KWa cos | Sut -  ------- ------| (G - 6 )
I t  should be remembered th a t  t h is  is  only th e  vo ltage  induced by th e  o  th  space harmonic a t  frequency d u  rad/sec in th e  small band Ar. To find th e  t o t a l  v o lta g e  a t  any frequency, th ese v o lta g e s must be in te g ra te d  from th e inner to  th e  outer rad iu s and summed over a ll  space harmonics.
Phasor Representation
The o rigin  of ae has been a r b it r a r i ly  s e t  a t  th e cen tre of th e  f i r s t  co il of th e  winding. Let i t  now be moved to  th e  cen tre of th e  winding. Then equation (G-6 ) becomes
= -2S<jrArBa £Xr)NKWaCosSwt (G -  7)and equation (G-3) becomes
F(qe) = 7 f  I  ^Kwycosvtfe (G - 8 )
For any frequency, th e  cu rre n t, i, can be rep resented as a phasor
1 -  lv + ily (G -9 )
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The s u b s c r ip ts  x and y w ill gen erally  r e fe r  to  th e re a l and imaginary p a r ts , re sp e c tiv e ly , of a phasor. Then
i = lx cos dut -  lx sin  dwt (G -10)
There are m phases, with th e  phases being sequenced in th e  p o sitiv e  
&e d ire ctio n . The t o t a l  m.m.f. contrib uted by t h is  frequency cu rren t in a l l  phase windings will beP r, „ . I ' * . . . .  2 (n -  1 )ji8  ! .  U , lt. 2 (n -  ltaS'i "i r NKwi>. i Ixcosj 8 u t --------- ----- J - I y  sin  1 8 w t--------^ ---- ; j L - p -n - 1 COS M e -  2fn ~1)jty jwhere v = 1.35,...
This is  equal to
T. "  [lx cos V̂CCe “  $wt) + Iy sin h'tfe ~ 5(jt) jU [ — j 
where now v = 1  ±. 3 ±. 5 ±,.„
U(x) = 1 i f  x is  an in teaer
= 0  otherw iseThe combination of any £ with any v g ives one of th e possible m.m.f. waves i f  th e  wave e x is ts .
Any sin u so id ally  varyin g q u a n tity  can be represented as a phasor. So. fo r  example, th e  value of th e  m.m.f. from one of th ese  waves could be rep resented as a phasor a t . say ae = 0 .
c /n j. s mNKwv .rygdj.t) -  — —(Iv cos dut -  Iy sin  5<jt) (G -11)
Then i t s  time valu e is
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and th e  phasor is , from eauation (G—101.
* W 0) =
mNK(jy_ _ _ _ _ (G -12)
If a d iffe r e n t  point around th e  motor is  chosen, th e  phasor is  advanced or re ta rd e d  by a corresponding phase angle. vae .
If th e  flu x  d e n sity  acro ss th e  a irg a p . c u ttin g  th e  winding is  
B(tfe .t )  = Bv cos (ytfe -  dwt) + By sin  (ytfe -b u t) . (G-13)
then i t  can a lso  be rep resen ted  as a phasor. and.
BygCO) = Bv + jBy (G  -14)
As fo r  th e  m.m.f., th e  flu x  d e n sity  phasor is  a lso  retard ed  by vae on r o ta t in g  to  ae .
From eciuations CG-3). (G-7) and (G-13). th e  v o lta g e  generated in th e  winding centred on ae = 0 is,.v  2dwrArNKwy,L,(t) _ —— ---- (-Bx sin  But -  By cos Swt)
So, in phasor term s, we have
Vyd ” 28urArNKwy, r, ,------- --------- (-By + iBv)w 2dwrArNKwy^
3 -• ■—r Bwhere B = Bx + jBy
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Appendix H -  B e lt Leakage Reactance
A good approximation fo r th e  b e lt leakage reactan ce , is  th e sum of th e  m agnetising re a cta n ce s of th e  space harmonics a t  fundamentalfrequency. Therefore, using th e  airgap  impedances lis te d  in Section5.20 imswN2CRS -  R2)üg 0x ib e lt  = -------------M —  A
7tCgpz y=3,5,...where C = e ffe c tiv e  C a rte r  c o e ffic ie n t over whole machine.
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Appendix I -  Zigzag Flux
The r e lu c ta n c e  fo r  zigzag flu x  depends on th e  number of times th e  
f lu x  c r o s s e s  th e  a irg a p  in a given a r c  of circumference. So i t  depends 
on th e  number of s t a t o r  and r o to r  t e e t h .  For t h i s  ca lcu la tio n  we 
can no longer assume th e  te e th  t o  be averaged uniformly around th e  
machine. The zigzag flu x  p a s s e s  from to o th  to  to o th  on a l t e r n a t e  s id e s  of th e  a irg a p . To c a lc u la te  th e  r e lu c ta n c e  of t h i s  path , we 
must consider a uniform cu rr e n t on both s t a t o r  and r o to r , providing  
.equal but opposite m.m.f.
U p p e r
L o w e r
Fig. 1-1 A irg ap  show ing t e e t h  on b o th  s id e s
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number of conductors per upper s lo t
*8 number of conductors per lower s lo tiu cu rre n t in upper conductors
h cu rren t in lower conductors-Nu number of upper s lo tsnumber of lower s lo tsWu upper s lo t  p itch
*8 lower s lo t  p itchtu upper to oth  width
1 8 lower to o th  widthSu upper s lo t  openings 5 lower s lo t  openingg airgap
We have immediately NuWu =NfWq Cl - 1 )
NuPuiu = Nfln îjp Cl-2)
Tooth no 1 on both sid es share th e  same cen tre line, so th ere  is  no m.m.f. between them. The m.m.f. provided by th e  f i r s t  ku upper s lo ts  is  kunyiu . and th a t  provided by th e f i r s t  kq lowers s lo ts  isk^nju#. So th e  m.m.f. between th e  ku th  upper to oth  and th e  kp th  lower to o th  is f  = ku^uiu -kjjnjpip Cl-3)Also, th e  d ista n ce  between th e  cen tre lin es of th ese  te e th  is
d = kuWu -Kj>Wp Cl -4)
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E q u a tio n s  CI—11 and (1-2) g iv e
Com bining e q u a tio n s
nu iu =Wu w;(1-3) t o  (1-5) g iv e s (I -5)
r _  n u iu  , _  Np1!? "  Wu “ WpT h is g iv e s  an e x p r e s s io n  f o r  t h e  m.m.f. o p p o s ite  s id e s  of t h e  a ir g a p .
d (I -  6 )betw een any two t e e t h  on
F r in g in g  w ill be n e g le c te d  and i t  w ill be assum ed t h a t  f lu x  p a s s e s  d i r e c t l y  a c r o s s  t h e  a ir g a p  when two t e e t h  have any le n g th  of o v e r la p . We may c a lc u la t e  th e  e n e rg y  in th e  a ir g a p  and t h i s  is  m ost sim ply done when we c o n s id e r  th e  f lu x  th r o u g h  one of th e  s m a lle r  (upper) t e e t h . There a r e  t h r e e  c a s e s  t o  c o n s id e r , (a) where th e  u p p e r to o th  is  e n t ir e ly  o v e rla p p e d  by a low er to o th , (b) where th e  u p p e r to o th  is  p a r t l y  o p p o s ite  a low er to o th  and p a r t l y  o p p o s ite  an o p en in g , and (c) where th e  u p p er to o th  is  o p p o s ite  two low er t e e t h  and th e  opening betw een them. These t h r e e  c a s e s  t a k e  up a r e l a t i v e  movement of h a l f  of one low er s lo t  p it c h . W<>,
0 < V < tj? -  tu
- y  w i i f -Fig . 1-2 Case (a): Complete overlap




The m a g n e tic  f ie ld  is
Flux d e n s it y  is
_ riuiux Wug
B = l/qH
E nergy d e n s ity  is BH1
A irg a p  volume fo r  a sm all in crem ent in r a d iu s , d r . is
g t u d r
T h e re fo re  t o t a l  en erg y  is
2 , 2  2 j. ,uOnu iu x tu d r
2 « 2 g
X  ->| kf
J - A
-  t u tp  -  t u  __
2 < X < 2 + S*
Fig. I 3 Case (b); Overlaps to oth  and opening
A ir g a p  volume is
E nergy is
„ I  t p + t u I
T " ------*j
0. 0  0 üOnu 1 ux‘~o
2 Wjg tfl + tu2 x d r
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Fig . 1-4 Case (c): Overlaps opening and two te e th
For t h e  s e c t io n  which o v e r la p s  th e  f i r s t  low er to o th , th e  e x p r e s s io n  f o r  t h e  e n e rg y  i s  th e  same a s  f o r  c a s e  (b), above. For th e  second t o o t h , m.m.f. i s r»uiuWu - x )So t h e  m a g n e tic  f ie ld  is _  n u iu (Wc — x)Wu9The volume of t h e  a ir g a p  f o r  t h i s  second o v e r la p  is
t u d r
T h e r e fo r e  t h e  e n e rg y  in  th e  second o v e r la p  isA'0 T1u i u(wi  " x )2
2 w2 g , t u - t j  X + ----=-------S( d r
The t o t a l  a v e r a g e  e n e rg y  f o r  one u p p er to o th  is  th e  i n t e g r a l  of t h e  e n e rg y  a s  x v a r ie s  from ze ro  t o  d iv id e d  by T h a t i s ,  a v e r a g e  e n e rg y  p e r  u p p e r to o t h  is
A'0 ^ui u drwi - wu tyX^dX + W„ 2x (T -  x)dx + W« 9 ?5 x^(T -  x) + (\)q -  x r(x  -  + t)dxWt-Twhere d = to  - t_ u
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T= tjg + t u 2When th e se  in te g r a ls  are evaluated, th e  r e s u lt  is  th a t  th e  average energy d e n sity , in a len gth , dr, of an upper to o th , is
^Onu i ut u t f (tu + t f )dr,24W,w2g
The zigzag path must be modelled by an equivalent airgap  which conducts flu x  circu m feren tia lly . In th e  case of th e  upper to oth  considered above, th e  circum feren tial d ista n ce  is  Wu and th e m.m.f. is  nu iu . So th e  magnetic fie ld  isrcukjWuFlux d en sity  in t h is  equivalent airgap  is^Onuiu“ w^T"If th e  cross se ctio n a l area of th e  gap is  L dr, then energy in th e length  Wu is n2 i 2^ O ^ -iiW u L d r  
2  Wuand t h is  must be equal to  th e  average energy per upper to oth , derived above. By equating th ese  two expressions we find
L = tutjpCt2  + t jv  
1 2 WuW ĝ (1-7)
That is , th e re  is  an equivalent a irgap  which conducts zigzag leakage flu x  c ircu m feren tia lly , and th e  breadth of th is  a irgap  is  L, ca lcu lated  in equation (1-7). Obviously th e  expression is  symmetrical in term s from th e  upper and lower sid es, so th a t  i t  is  immaterial
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whether th e  s t a t o r  or th e  r o to r  is  d esign ated  "upper". I t  is  a lso  worth n otin g  t h a t  th e  to o th  w idths and p itch e s  ( tu , t^ , Wu . Ŵ ) vary  with ra d iu s  in an a x ia l flu x  machine, so t h a t  L becomes la r g e r  a t  g r e a te r  r a d ii , L w ill vary  roughly with th e  square of ra d iu s , but th e  p a th  len gth  of th e  flu x  w ill in crease  in d ir e c t proportion to  i t .  So zigzag leakage flu x  w ill be roughly p rop ortio n al to  ra d iu s.
Appendix J  -  Leakage Inductances
The leakage impedances, mentioned in Section 5.20, are  modelled as a irg a p s in a lumped magnetic c ir c u it  linking NKswy tu rn s . If such an a irgap  has a gap d ista n ce  of d and an area of A, then i t s  inductance, in th e  equivalent e le c tr ic a l c ir c u it  is
^0 a n 2 k 2  £ ŜWV
Thus th e  two p a r ts  of th e  s lo t  leakage are  equal and equal to







A ppen dix K -  The B-H  C u rv e
Excitation Current: rms A/m
0 1 1 10 100 1 000
F ig . K - l  B-H C u rv e  -  LYCORE 220
F ig . K -l shows t h e  p u b lis h e d  B-H c u rv e  fo r  LYCORE 220. th e  m a t e r ia l  u sed  in th e  t e s t  m achine.
For u s e  in t h e  p ro gram s two m o d ific a t io n s  were r e q u ir e d . The f i r s t  i s  t o  e x t r a p o la t e  beyond t h e  f lu x  d e n s it y  of 1.8 Wb/m2 which i s  t h e  u p p e r lim it  o f t h e  p u b lis h e d  c u rv e . A t a f lu x  d e n s it y  o f 1.9 Wb/rn2, t h e  m a g n e tic  f ie ld  was s e t  t o  20000 A/m, and a t  2.0 Wb/m2 t o40000 A/m
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At th e  other end of th e  curve, i t  is  obvious th a t  i t  is  not going to  p a ss through zero. This is  because of h y s te re s is  in th e  m etal. To overcome t h is , th e  curve was moved 30 A/m to  th e  le f t . I t  then continues smoothly through th e  origin . If i t  is  desired to  include h y s te r e s is  e ffe c ts , th e se  can be added la te r  by introducing a phase change.
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The com parable co n v e n tio n a l m achine h a s  th e  same le n g th  of a c t iv e  c o n d u c to r s , a ir g a p  a r e a , s lo t  geom etry and yoke d ep th . B e fo re  s a t u r a t io n  becomes im p o rta n t, th e  fu n d am en tal f lu x  is  equal t o  th e  f lu x  in t h e  a x ia l  f lu x  m achine. A t th e  h eavy s a t u r a t io n  a t  th e  extrem e end of t h e  m a g n e tis a tio n  cu rv e  (b) in F ig . 5.14, th e  fun d am ental f lu x  in t h e  a x ia l  f lu x  m achine i s  94% of t h a t  in  th e  co n v e n tio n a l m achine.
C ore Volume For th e  p u rp o se  of s im p lic ity , l e t  th e  core d ep th  (yoke + te e t h )  be eq u a l t o  th e  s t a c k  d e p th , a s  was t r u e  of th e  m otor s im u la te d  in S e c tio n  5,21,
A ppendix L -  Com parison w ith  C o n v e n tio n a l M achine
Fig. L -l a) A xial Flux Cores b) Conventional cores
r g = Ifr -i + r 0)
The volume of co re s  p lu s  s lo t s ,  fo r  b oth  m achines, is  id e n t ic a l  and e q u a l t o V = 2n(r^  -  r ? ) ( r Q - r p
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This is  a lso  th e  volume of iron required to  make th e  a x ia l flu x  machine sin ce th e  ony w aste is  t h a t  punched out of th e  s lo ts . I f  th e  lam inations fo r  th e  conventional machine are  punched out of square blanks, th e  required volume of iron is
(3r0  -  rp ^ (r 0  - r ^
The r a t io  of th ese  volumes is„  _  2 ^ ( 1  -  x^)--------- T~(3 -
Tiwhere x = —  r oand x may be in th e  v ic in ity  of 0.5-0.655? = 6 6 % fo r x = 0.65
T) = 75% fo r x = 0.5
No attem pt has been made to  optimise e ith e r design, but i t  seems obvious th a t  th e re  are  m aterial savin gs to  be made with th e a x ia l flu x  design.
In add ition , th e  following u sual fe a tu re s  will save iron in th e  a x ia l flu x  machine.
a . Smaller ro to r  s lo ts
b. Smaller ro to r  yoke
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Flux w ill te n d  t o  le a k  a c r o s s  th e  la m in a tio n s  away from a r e a s  of h ig h  s a t u r a t io n , t h a t  i s ,  away from th e  in n e r t e e t h  and th e  o u te r  yoke. T h is r a d ia l  f lu x  w ill s e t  up eddy c u r r e n t s  in th e  la m in a tio n s  which w ill s e t  up an opposing m.m.f. and w ill a ls o  r e s u l t  in lo s s e s  in t h e  iro n .
The r a d ia l  f lu x  d e n s it ie s  w ill be d e s ig n a te d  by Ba in th e  yoke and in th e  t e e t h . T h eir c o n v e n tio n a l d ir e c t io n  is  th e  d ir e c t io n  o f in c r e a s in g  r a d iu s . Each h a lf  w a velen g th  of th e  fu n d am en tal w ill h ave a c ir c u la t in g  eddy c u r r e n t  in th e  yoke. This is  sk e tc h e d  in F ig . M -l, which a ls o  shows th e  c u r r e n t  p a th  approxim ated a s  a s e t  of r e c t a n g u la r  p a th s .
A ppendix M -  R a d ia l F lu x
Fig. M-l R adial Flux and Eddy C u rren ts in Yoke
I t  is  assum ed t h a t  Ba is  uniform  th ro u g h  th e  d ep th  of th e  yoke b u t t h a t  i t  may v a r y  w ith e l e c t r i c  a n g le  and w ith r a d iu s .
The r e c t a n g u la r  c u r r e n t  p a th  can be d iv id e d  in to  fo u r s im ila r  q u a r t e r s , each w ith s id e s  o f le n g th  x and y, where
0 < x < ££ 
2p
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y = pLsÜ F Xdy = PLs7 i r dxThe flu x  p assin g  through th e  loop is
¿(x) = 4 fX Ba du.v
joIf we ta k e  only th e  fundamental, we may say
(M -1) (M -2 )
Ba = Ba cos pu (M -3)
Ba w ill be a time phasor
(M -4)
If th e  r e s is t iv i t y  of th e  iron is  p, then th e  re s is ta n c e  of th e  complete loop is 4x + 4y 4px[ dydr d x d r ,The v o lta ge  in th e  loop is-:4
7ipLs rdxdr Oi2 r 2  +p 2 L2 ) (M-5)
j£wLs Ba x s in  [ ~ J
If I is  th e  t o t a l  c irc u la tin g  eddy cu rren t, then th e  current in th is  loop is 2j jupL2  rBa sin [ ^  1dxdr = 'axar p(;t2 r 2  + p2  L2  ) dxdr CM - 6 )
CM -7 )
This must be in te g ra te d  with re sp e ct to  x from zero to P
3 1  _ ju L f r 2 Ba 3r pOt2 r 2 +p 2 L2)In gen eral, th is  will not be e a sily  in teg rab le . The phasor, Ba , will be a fu n ctio n  of r  and w ill not be a v a ila b le  in a n a ly tic  form. The
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in t e g r a t io n  can be ap p roxim ated  by ta k in g  mean v a lu e  of Ba and r . and i n t e g r a t i n g  betw een th e  in n e r  and o u te r  r a d i i , r^ and r 0.j u L ^ B a i r p - r p  (H_ 8)pC?L2 r 2  + p2 L2 )
T h is c u r r e n t  r e p r e s e n ts  th e  t o t a l  back m.m.f. g e n e ra te d  by th e  eddy c u r r e n t s . I t  is  only a v a ila b le  a t  th e  c e n tr e  of th e  eddy, how ever, and i t  w ill be assum ed t h a t  th e  mean m.m.f. g e n e r a te d  by t h e  eddy is  h a lf  t h i s  v a lu e . The r e s u lt in g  mean r a d ia l  m ag n etic  f ie ld  is  t h i s  m.m.f. d iv id e d  hy th e  b r e a d th  of th e  yoke, (r 0 -  r p .  T h is is „  3°Ls r mBaHa l 9 9  9 9
2 p0 i zr̂ n + P ^ )For t h e  h arm onics, th e  e x p re s sio n  is  th e  same e x ce p t t h a t  (j and p m ust be r e p la c e d  by vu and vp r e s p e c t iv e ly .. 9jycjLg r™Bav2pC/t2r 2 + v2p2L2 ) CM -9 )
Fig. M-2 Elemental Flux Path Across Laminations
In F ig . M-2 is  shown a s e c t io n  of s t a t o r  yoke w ith an elem en talJ  /Vc lo s e d  p a th  whose s id e s  a r e  o f le n g th  d r  and r — ~. If  th e  r a t i o
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of u se fu l s te e l to  t o t a l  d ista n ce  acro ss th e  core is  1?, then th e  fr a c t io n , 1  -  n, c o n s is ts  of fre e  a ir  and th e  coating which in su la te s  th e  lam inations. Then th e  m.m.f. around th e  small path in Fig. M-2 is Ba
V 0 (r, ofeXl -  r?)dr + Ha (r, <*e)dr + Hs Cr + dr, ae )rdcxe
^ C r , cLq  + daeXl “ J?)dr -  HaCr, tfe + dtfeMr -  HsCr, cte)^ j^ - = 0 
” 0  ^........- y _ gB'a Cl -  n) , crH~a ~ aHs r  =n
1,e* o a e  acLe  ” o r  ~ (M -10)The phasor equation is
1 -
“ 0
-Bay + Hay - jr  aHsy yp ar = 0Then, s u b s titu tin g  from equation (M-9)
l - i ?
^ 0 pC*2 r 2  +y2 p2 L2) „  jr  aHsv yp ar =  0
CM-11)
CM -12)
Power lo ss  in th e  small loop, fo r  th e  fundamental is,2 ,a W>•dxdr
2 p rwhere Wj is  th e  t o t a l  power lo s t  by th ese  eddy cu rren ts2 7irpLs dxdr 4pxC;i2 r 2  +p2 L2)o1 o W* r 4 . f p x  '2 p  5x5r dx<̂ r = [ ;tyLs xBal sln ( .T  J
(M -13)
The in te g ra tio n  must be carried  out on x from zero to
aŵ  (j2 L2 r 2 B2 Ĉ7i2  + 2 )9r 27ipU2r 2 + p2 L2)As before, th e  in te g ra tio n  on r  can only be approximated by using mean values of Ba  ̂ and r .
Wl * (j2 L2 r 2 B2 |C7t2  + 2 X r 0  -  r A)2;tpC/i2 r 2  +p2 L2 ) CM-14)
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The value fo r  Ba  ̂ used here should be th e  R.M.S. value.
A b a sic  design fo r  a given number of poles will e s ta b lis h  a r a t io  fo r  r 0 :r^ and r m:Ls. Then motors can be designed fo r  d iffe r e n t r a t in g s  by in creasin g  th e se  dimensions in proportion, by m ultiplying each by a fa c to r , r . From equation CM-12) and using
Ls £m
2 p
p -  30 x 10 m
7? = 0.97
P = 2w = 271 oLOXBa  ̂ is  independent of r fo r ^m < 60 mm
B a l a ^ fo r rm > 60 mm.*.W|0fr^ fo r r m < 60 mmŴ ofr fo r r m > 60 mm
The worst case occurs fo r  r m ^ 60 mm. I t  is  expected th a t  lo sses due to  r a d ia l flu x  eddy cu rre n ts  will place no lim itatio n  on th e a x ia l flu x  machine.
The c a lcu la tio n s  fo r  th e  r a d ia l flu x  in th e  te e th  are sim ilar and th e  r e s u lt s  are -ji>wTgNs (27irm -N s Ws )Bby
Hb = ------------------------ -̂----T-TT- CM-15)
2 p[(2 ;urrn - N s Ws r  +t^N^]3Hby _  9Hbsy /w
H q-----3 + ~~3z~ ~ IhF CM" 16)
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where z is  th e  d is ta n c e  in to  th e  te e th , measured from th e  a irg a p  tow ards th e  s t a t o r  yoke.
T o ta l power lo s s  due to  eddy c u r re n ts  in th e  te e th  is<j2 Tg(2rtrm - N s Ws )3 (r0  - r p B j^16p[(2^rm -  NS WS )2  + T2 N2  ]
The e x is te n c e  of r a d ia l f lu x  in th e  cores a ls o  implies t h a t  th e  c o n tin u ity  eq u ation s of Section  5.13 must be modified fo r  an e x h a u stiv e  accou nt of th e  machine.
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Appendix N - Param eters of th e  Test MachineParam eter S ta to r RotorNo o f p h a s e s 3 s q u ir r e l  cag eNo o f p o le s 4 -No o f tu r n s / p h a s e / fa c e 480 -C o il p it c h 7/9 -C o n n ectio n s t a r -No o f s l o t s 36 28S lo t  w idth 6.3 mm 6.35 mmS lo t  d e p th 12.9 mm 9.5 mmS lo t  opening 2 mm 2 mmIn n e r r a d iu s 51.4 mmO u te r  r a d iu s 77.3 mmYoke d e p th 6.12 mm 28,6 mmR e s is ta n c e / p h a s e / s id e 5.54 Q. 7.55 0 (fundam ental)L ea k a ge  in d u c ta n c e / s id e 0.034 HA irg a p  "A " s id e 0.98 mmA ir g a p  "B " s id e 0.77 mmE f f e c t iv e  mean a ir g a p 0.86 mmSupply fre q u e n c y
.8 -------------------- 50 Hz
Norm a I I s e d V o lta g e  
(fi ! rgao Wb/sq.m)
M a gn etisin g  Current (Amps/mm)
FIG N - 1 MAGNETISATION-MEASURED RMD PREDICTED
Appendix 0 -  C a llib r a tio n  of R in g to rd u cto rs
Fig . 0-1 C a llib r a tio n  CurvesC a l l i b r a t i o n  c o n s t a n t
H y s t e r e s is
9.85 rnV/N.m. "A" side 18.9 rnV/N.m. "B" side 
0 .2  N.m. approx
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Appendix P -  Higher Voltages -  Experimental and Predicted Results
Horizontal scale - deviation from mean slip
Vertical Scale -  torque, voltage, etc,, on each side of machine. Move 
equal distances away from centre to read both sides.
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Appendix Q -  Unbalanced A irgap s -  Experimental and Predicted R e su lts
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FIG Q-5 HERN 7 =0 . 0 . SUPPLT=200V
FIG Q-S HERN 7 = - I .4 4 .SUPPLY=200V
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Appendix R -  Harmonic Winding F actors
A s in g le  s h o r t - p it c h e d  c o il p ro d u ces a m.m.f. waveform a s  in F ig . R - l .
____ 1____ _ ________ ____ i____-  r r -TV -e z O O -rr 2 r r
Fig. R -l HMP from a Single Coil
T h is waveform can be r e p r e s e n te d  a s  a F o u rie r  s e r ie s  w ith a p e rio d  of 360° e l e c t r i c a l .  The o r ig in  h a s  been chosen so t h a t  th e  s in e  te rm s d is a p p e a r , and, of c o u rs e , th e r e  a re  no even harm onics. The c o e f f ic ie n t  of th e  i* th  harm onic is  found from
fix) cos vxdx
8A7U' s in  \>6So th e  p it c h  f a c t o r  is
Kpy = - sin v9 (R -1)
-224-
Fig. R-2 Addition of Adjacent Coil Phasors
I f  a d ja c e n t  c o il s lo t s  a r e  s e p a r a te d  by 4>c e l e c t r ic a l ,  and th e r e  a r e  n co ils/ p h a se / p o le , th e n  th e  b re a d th  f a c t o r  iss mKb = n sininUJ (R -2 )The harm onic c o n tr ib u tio n s  of a d ja c e n t  c o ils  a r e  s e p a r a te d  by an a n g le  of v4>.  So 4> m ust be re p la c e d  by v4> in eq u a tio n  (R-2),
s i n  i v ^  IKbu = . 2 Jn s in  | vfy ISo t h e  w inding f a c t o r  th e  y th  harm onic is
Kwy = KpyKbys m
ny s in  vO- vr\$~F~sm ~T





For a (squirrel cage) winding with 28 slo ts , 4 poles, and 1/7 coil 
pitch,
9 = 12.86°
* = 25.71° 
n = 1




























































FIG 5-5 MEfiN 7 = -B .7 2 .SUPPLT=20GV FIG S-7 MERU 7=1 - 80. SUPf>LT=24BV KVII
FIG S-S «ESN 7 = - l .4 4 .SUPPLT=230V FiG S- 6  MSRN 7 = 1 . 44. SU.°PLT=240V
FIG S-9 MEAN 7 =0 . 7 2 .SUPPLT-2 4 0V FIG S - l l  MEAN 7 =— 0.72.SUP?LT=240V




Appendix T -  E le ctr ic  Vehicle -  Road Conditions
Fig. T-l Vehicle Under C e n trifu g a l Force
To avoid  s lid in g , we have th e  co n d itio no
r 003 a -  A 3:*-n a" 9  1 cos a + s in  awhere r  = r a d iu s  of cu rve of C.G. of v e h ic le  X = c o e ff ic ie n t  of f r ic t io nv = v e lo c ity  of v e h ic leFor a t y p ic a l  commercial v e h ic le  and ro ad , we m ight have X = 0.6a = 5°
Then r_>0.14v^ ( T - l)
I f  th e  tr a c k  of th e  v e h ic le  is  W, th en  th e  d iffe r e n c e  between th e  sp eed s of th e  in n e r and o u te r  wheels is  v|£Mean r o t o r  speed is  ^ ( 1 - s )  where w = r a d ia l  su p p ly  freq u en cy
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P = no of pole pairs 
s = mean slip,
and the two rotor speeds are
(̂1 -  s ± As)
Then
2Asr = w(l -  s) CT -  2)
For a small delivery van, we may have W = 1.5m.
Then from CT-1) and CT-2) A s < L 3 iC l-s )v2
This leads to  the following limits
Asi. 0.043 a t 40 kph 
A s l 0.019 a t 60 kph 
As<̂  0.011 a t 80 kph

